SOME NATURAL PROPERTIES OF CONSTRUCTIVE RESOLUTION OF 

SINGULARITIES 
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To Professor H. Hironaka on his 80th birthday 

Abstract. These expository notes, addressed to non-experts, are intended to present some of 
Hironaka's ideas on his theorem of resolution of singularities. We focus particularly on those 
aspects which have played a central role in the constructive proof of this theorem. 

In fact, algorithmic proofs of the theorem of resolution grow, to a large extend, from the so called 
Hironaka's fundamental invariant. Here we underline the influence of this invariant in the proofs 
of the natural properties of constructive resolution, such as: equivariance, compatibility with open 
r—{ I restrictions, with pull-backs by smooth morphisms, with changes of the base field, independence of 

the embedding, etc. 
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■ 1. Introduction 

\ 1.1. Hironaka's fundamental theorem in [26J proves resolution of singularities in characteristic zero. 

Theorem 1.2. (Hironaka). If X is a variety over a field of characteristic zero, there is a proper 
and birational morphism 

(1.2.1) X X' 

such that: 

i) vr is an isomorphism over the open set U = Reg(X) of regular points. 

ii) X' is smooth. 

iii) 7r~^(Sing(X)) is a union of smooth hypersurfaces in X' having only normal crossings. 

A morphism X -f^ X', as above, is called a resolution of singularities of X. He also shows that 
this morphism can be constructed as a composition, say 

'^i'l ■^^2 ^Yr 

(1.2.2) Xo = X Xi ^ ^ Xr = X' 
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where each vry. is the blow-up along a smooth center li(c Xi). 

There can be many resolutions of X, and the proof in |26] shows that a resolution always exists. 
Constructive proofs of Hironaka's theorem go one step beyond. They provide, for each singular 
reduced scheme X, a specific resolution, called the constructive resolution of X. In other words, 
they give a procedure to resolve singularities in such a way that it has very natural properties. 
Suppose now that (|1.2.2p is the resolution of X provided by this procedure, it has the property: 

(1) Compatibility with smooth morphisms: A smooth morphism X X provides, by taking 
successive pull-backs, a sequence 

(1-2.3) x^^x^^ -^x, ; 

and the property is that (jl.2.3|) is the constructive resolution of X. 

(2) Lifting of group action: If a group acts on X it also acts on the resolved scheme X^. 

(3) Compatibility with change of the base field (Similar to (1)). 

We shall later formulate the theorem of embedded resolution, say of X embedded in a smooth 
scheme W , and another property of constructive resolution is that it can be easily adapted so that 
the resolution X is independent of the embedding in W . These matters will be discussed along this 
paper. 

1.3. Essential to the argument used in Hironaka's proof is a reduction of the problem of resolution 
of singularities. A new problem is formulated, in terms of the data (VF, (J, 5)), where is a smooth 
scheme over a field k, J a non-zero sheaf of ideals, and b a positive integer. This new problem is 
stated as a resolution of {W, (J, b)) as we describe below. These data define a closed subset in W 

Smg{J,b) = {x£W \u,iJ)>b}, 

where VxiJ) denotes the order of J at the point x. If y is a smooth irreducible subscheme included 
in Sing( J, 6), and if W -f^ Wi is the blow-up along Y, then there is a factorization 

where H C Wi denotes the exceptional hypersurface. The pair (Ji,6) is said to be the transform 
of (J, 6). We will consider Ji together with the factorization 

ji = i{Hrju 

where c = i^y{J) — b and y is the generic point of Y. 
Similarly, given an iteration of transformations, say 

(1.3.1) (J, 6) (Ji,6) {Jr,b) 

TYo TTYr 

W ^ — Wi ^ ^ — Wr 

the transform is endowed with a factorization of the form Jr = I{HiY'^ . . . I[Hr-Y'^ Jr, where 

each Hi is the exceptional hypersurface introduced by the blow-up Wi-i < — - Wi. 

We will always assume that such a sequence is constructed in such a way that the strict transforms 
of the r exceptional hyper surf aces, say {Hi, . . . ,Hr}, have normal crossings in Wr- 

Hironaka's reformulation (the reduction) of the problem of resolution can be stated as follows: 

Problem: Given {W, (J, b)), construct a sequence (jl.3.ip in such a way that Sing( J,., b) = 0. 

We will explain in Section [21 starting in 12.71 why the solution of this problem leads to resolution 
of singularities. 

Given a sequence of transformations p.3.1|) . Hironaka defines, for all index i, the functions: 

ovdi : Sing( J„ b) Q, OTdiix) = 
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These are called Hironaka 's functions, and they paved the way to constructive proofs of resolution 
of singularities. A by-product of Hironaka's functions, which makes use of the factorization Jj = 
I{HiY^ . . . I{HiY^Ji, are the functions 

w-ordj : Sing( Jj, b) — > Q, w-ordi(x) = 



All these functions take only finitely many values. Denote by maxw-ordj the maximum value 
achieved by w-ordj. If ()1.3.ip is constructed with the extra condition that Yi C Maxw-ord,, where 

Max w-ordi = {x ^ Wi \ w-ordj(x) = maxw-ordj}, 

then it can be shown that 

(1.3.2) maxw-ordo > maxw-ordi > • • • > maxw-ord,- . 

Note that maxw-ord^ = if and only if J^- = Ow,, ^-i^d Jj. = I{HiY ■ ■ ■ I{HrY'' . If this happens, 
then it is easy to extend the sequence (jl.S.ip to a resolution. 

In the constructive resolution treated here, we view as a smooth subscheme of a smooth 
scheme N . We also consider a set F of smooth hypersurfaces in N having only normal crossings. 
The sequence gives rise to a sequence 

■n"Yi Try, '^Yr 

(1.3.3) N ^ — — Ni ^-^ Nr 

(same blow-ups) together with closed immersions Wi C Ni (for any index i), where each Wi is 
identified with the strict transform of A main problem in constructive resolution can be 

formulated as follows: 

Main Problem: Fix: 

• {W, (J, b)), as above. 

• A smooth scheme N and F = {H[, . . . , H'^} a set of smooth hypersurfaces in with only 
normal crossings. 

• A closed embedding W C N. 

The problem is to construct a sequence (|1.3.1|) . with centers Yi, so that: 

(1) Sing(J^,6) = 0, and 

(2) the sequence p.3.3|) of r blow-ups over the smooth scheme N, induced by the sequence 
(|1.3.1|) , is such that the strict transform of hypersurfaces in F together with the r exceptional 
hypersurfaces introduced (all together) have normal crossings in N^. 

Note here that there is an added difficulty over the previous Problem. The task is to construct a 
sequence ()1.3.ip . which fulfills the property (|1.3.2p and leads to Sing( J^, 6) = , with an additional 
constraint on each center Yi. For instance the first center Yi, included in Tyi(c Ni), should have 
normal crossings with the hypersurfaces in F, and there is no information on how hypersurfaces of 
F intersect the closed subscheme W. 

For each index i, let Fi be the set of hypersurfaces with normal crossings in Ni, which consists of 
the strict transform of hypersurfaces in F, together with the i exceptional hypersurfaces introduced. 

This main problem can be solved by giving a canonical choice of centers Yi. The key for this will 
be our two coordinate functions: 

(w-ordf ,nf)) : Smg{J„b) ^ Q x Z, 

where d = dimW, called the inductive functions. Essentially, it is through these function, and 
induction on d, that we can define a string of invariants which indicates how to choose each Yi. 
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Here each w-ord^ is the function previously defined, and n\ is defined by counting the hyper- 
surfaces of a certain subset of Fi, say Ff. This set F^^ is entirely defined in terms of the inequalities 

(jl.3.2|) . Hence, the function n\'^^ is also a by-product of Hironaka's functions. 

We follow here, with some variations, the scheme and notation in [38j and [3^9J, particularly on 
the latter where some of the natural properties of constructive resolution are addressed. The goal 
of this presentation is to explain Hironaka's approach in [27j. So we put here special emphasis on 
Hironaka's reformulation (reduction) of the resolution problem, and why this led to the proofs of 
the natural properties of constructive resolution mentioned before. We refer to (see also [20]) 
for the relation of this development with more recent work on the subject, and for some technical 
aspects of the algorithm. 

We thank the referee for here/his many useful suggestions, which have helped us to improve the 
presentation of this paper. 

2. First definitions and formulation of the Main Theorems 

2.1. Recall that Constructive Resolution is a procedure that indicates, given a singular reduced 
scheme X, how to choose the centers Yi to construct a resolution of singularities as in ()1.2.2p . We 
can think of it as an algorithm in which, at each step, the input are the equations defining X, and 
the output are the equations defining the center Y; and the same for each index 1 < i < r. But 
if we think of equations defining X, it is natural to embed the scheme in a smooth scheme, say 
X C W. This can be done locally, as we shall always consider here X to be a scheme of finite type 
(see [10] for an implementation). 

2.2. Let us fix some notation needed for the formulation of the theorem of embedded resolution. 
A pair (Wq, Eq) denotes here a smooth scheme Wq, and a set Eq = {Hi, . . . , Hg} of hypersufaces 
with normal crossings in Wq. The sequence 

(2.2.1) {Wo,Eo) ^ {Wi,Ei) ■ ■ ■ {Wr,Er) 

denotes a composition of blow-ups, where each center Yj C Wj is closed, smooth, and has normal 

crossings with Ej. If Hg+j+i C Wj+i denotes the exceptional hypersurface of Wj < — W^j+i) then 
Ej^i is defined as the union of the strict transform of hypersurfaces in Ej, together with Hg+j+i- 
Centers Yj which have normal crossings with Ej are said to be permissible for {Wj,Ej). 

Theorem 2.3 (Embedded Resolution of Singularities). Given a smooth scheme Wq over a 
field k of characteristic zero, and Xq, a closed and reduced subscheme ofWo, there is a sequence of 
blow-ups as in i2.2. 1]) . say 

(2.3.1) Xq Xi Xr 

{Wo, Eo) {Wi,Ei) ■ ■ ■ ^ {Wr,Er) 

where each Xi denotes the strict transform of Xi^i, and so that: 

(i) The hypersurfaces of E^ have normal crossings in Wr ■ 

(ii) Wo \ [Sing(Xo) U UH.eSo H^] = Wr \ U^,,es. 

(iii) Xr is smooth and has normal crossings with U/f 

So if Eo = 0, the morphism Xo Xr, induced by <\2.3.1^ . is a resolution of singularities as in 

2.4. On Constructive Resolution. Fix a topological space X, and a totally ordered set (T, >). In 
this work an upper semi-continuous function 5 : X — >■ T is a function with the following properties: 

(i) g takes only finitely many values, and 

(ii) for any a € T the set {x G X | g{x) > a} is closed in X. 
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The largest value achieved by g will be denoted by maxg. And Max q will denote the set of points 
in X where g takes its highest value (maxg). So Max q is closed in X. 

In Theorem 12.31 ^0 is a reduced closed subscheme in a smooth scheme Wq. Constructive res- 
olution also applies in this context. It makes use of a specific totally ordered set (T, >). Fix a 
closed immersion, say Xq C Wq, and {Wq,Eq) as before, then either Xq is smooth and has normal 
crossings with Eq, or an upper semi-continuous function /q : Xq — )■ T is defined. It has the 
property that if Yq = Max fn (the set of points where the function takes its maximum value), then 
Yq is smooth, has normal crossings with Eq, and the blow-up along Yq provides a diagram, say: 

(2.4.1) Xo Xi 

{W^,E^)^^{WuEi) 

where Xi C Wi is the strict transform of Xq. Again, either Xi is smooth and has normal crossings 
with El or /i : Xi — )■ T is defined. 

In this latter case, the function is such that Yi = Max/i is smooth, and has normal crossing 
with El. The blow-up along Yi provides 

(2.4.2) Xi X2 

Try, Try 
(VFc^o) {Wl,Ei) {W2,E2) 

Assume inductively that for a given index s, a sequence 

(2.4.3) Xo Xi X2 Xs 

''^Yn ""Vi '""Yo ""^s — 1 

(1^0,^0) — {Wi,Ei) {W2,E2) {Ws,Es) 

is constructed by setting Yi in terms of the function /j : Xi — > T, < i < s — 1. Then, either Xg is 
smooth and has normal crossings with Eg (the sequence is an embedded resolution), or a function 
fs : Xg — > T is defined with the property that Yg = Max fs is smooth, and has normal crossings 
with Eg- 

Note here that we take as initial data: Xq C Wq, {W(),Eq), and that the functions with values 
on T enables us to construct a sequence ()2.4.3p . The point is that for some index r the sequence 

(2.4.4) Xo Xi X2 Xr 
{Wo, Eo) — {Wi,Ei) {W2, E2) {Wr,Er.) 

is such that X^ is smooth and has normal crossings with the hypersurfaces in E^- Moreover, all 
centers Yi will be included in Sing(Xj) |J(Uffj), which ensures that this is an embedded resolution. 

It is essential to point out that the set T is universal, namely for any Xo C Wo, (Wo,£'o), the 
functions fi, which provide the embedded resolution (|2.4.4|) . take values on the same T. We shall 
indicate later how T and the functions fi are defined. Here (|2.4.4p is said to be the Constructive 
Resolution of the data Xo C Wo, {Wo,Eo). It is constructed by the upper semi-continuous functions: 

(2.4.5) fo-.Xo^T, fi:Xi^T, ... /,,„i : X,_i T, 

and these functions depend also on Eo (and on each Ei). Note that (|2.4.4|) is determined by the 
centers Yi, and Yi = Max fi(c Xi). So (j2.4.4p can be reconstructed from (j2.4.5p . 
Neglecting the ambient spaces Wi, < i < r in ()2.4.4p we get 



TTYo Try^ 

(2.4.6) Xo- -Xi^ ^^Xr, 



which is also determined by the functions in ()2.4.5p , as 1^ = Max fi , and fi is a function on Xj . 

Note that if Eo = 9 then the latter fulfills the three conditions in Theorem 11.21 In other words 
if the initial data is Xq C Wq, (Wo,£'o = 0), then the functions in ()2.4.5p (which depend on Eo), 
provide a resolution of singularities of Xq. We say that the embedded resolution of Xq C Wq defines 
a non-embedded resolution of Xq. 
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A property of the algorithm is that it can be defined so that the non-embedded resolution is 
independent of the embedding in Wq. In fact it suffices that Xq be only locally embedded, and 
the induced non-embedded resolutions is well defined: Suppose that Xq is embedded in another 
smooth scheme, say Xq C Wq, and we take as initial data Xq C Wq, {Wq,Eq = 0). A property 
of this procedure will be that, in this case, we get the same data (|2.4.5|) (the same schemes Xi, 
and the same functions fi). In particular, when the input datum is simply Xq, we get the same 
resolution (|2.4.6|) . In this way constructive resolution leads to the resolution of abstract varieties. 

2.5. A Property of Constructive Resolution. 

Take Xq C Wq, (Wq, Eq), and let ()2.4.4p be the sequence obtained by the constructive resolution. 
Let (To : Vq — > Wq be a smooth morphism. For each index i, < i < r, consider the sequence of 
blow-ups 

Try, 'KYo '^Y- 

(2.5.1) Wo- -Wi^ ^^Wi, 

By taking fiber products of uo with this sequence one obtains smooth schemes Vi and smooth 
morphisms, say cxj : Vi — > Wi. Now set X[ = a'^^^Xi), and let E[ be defined by taking pull-backs 
of the hypersurfaces in Ei. Define also 

n:X[^T 

by setting /-(x) = fi{ai{x)), for each fi in (|2.4.5p . 

In this way, if we fix Xq C Wq, (Wq, Eq), and a smooth morphism ctq : Vq — > Wq, the constructive 
resolution (|2.4.4p gives rise to a sequence 

{Vq,E'q) ° {V,,E[) ' ... ^ {Vr,E',) 

and to functions: 

(2.5.3) /o : Xq — > T, f[ : X[ — )■ T, . . . , f^_i : X'^_i — > T. 

With the setting as above, the data in ()2.5.3p . and hence ()2.5.2p . will coincide with those obtained 
from the constructive resolution when the input data are Xq C Vq, (Vo,i^'o). Namely, the functions 
f[ : X[ — > T coincide with the functions defining the constructive resolution. 

We express this property by saying that the constructive resolution is compatible with pull- 
hacks obtained by smooth morphisms. This will encompass restrictions to open sets, and also to 
etale neighborhoods. This last property is useful when applying arguments which require etale 
topology. Further properties of constructive resolution, such as equivariance (by group actions on 
X), compatibility with change of the base fields (at least for finite field extensions), and others, 
grow from this naive compatibility. 

A similar property will hold for the non-embedded case, or say for the constructive resolution 
of an abstract variety. Let (|2.4.6p be the resolution obtained when the input datum is Xq, and let 
(To : Xq — > Xq be a smooth morphism. By taking fiber products with (j2.4.6p we get 

(2.5.4) X'q i X{ ^ = X' 

(y/ = (Tj~^(li)), and smooth morphisms Oi : X[ — > Xi, and also functions, say 

. Ag > 1 , Jl ■ > -t , • • • , Jr-l • -^r-l ^ ^ 5 

{f'i{x) = fi{ai{x))). The property is that this is the constructive resolution of Xq. In other words, 
the functions fl : X^ — > T are those defined by the constructive resolution when the input datum 

hX'Q. 

Closely related to resolution of singularities is Hironaka's principalization theorem. Also known 
as Log-principalization of Ideals. 
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Theorem 2.6 (Principalization of ideals). Let Wq be a smooth scheme over a field k of char- 
acteristic zero. Given J C Owo > non-zero sheaf of ideals, there is a sequence of blow-ups along 
closed smooth centers, say 112.2.1]) . such that: 

(i) The morphism Wq < — Wr is an isomorphism over Wq \ V{J). 

(ii) The sheaf JO Wr is invertible and supported on a divisor with normal crossings, i.e., 
(2.6.1) C = JOw.=T{Hir AH,r% 

where E' = {Hi,H2, ■ ■ ■ ,Hs} are regular hypersurfaces with only normal crossings. 
Here some hypersurfaces in E' might not be components of the exceptional locus of Wq < — Wr- 

2.7. A first reformulation of the problem. 

There is a reformulation of the resolution problems. It applies to Theorem of Embedded Reso- 
lution of Singularities (and consequently to Theorem of Non-Embedded Resolution of Singularities 
), and also to Theorem of Principalization of ideals. The rest of this Section 2 is devoted to the 
discussion of this reformulation, which appears already in [26]. 

Recall that the input data in constructive (embedded) resolution are of the form X C W, {W, E), 
and that the outcome is a resolution ()2.4.4p . Each step is obtained by blowing up along a smooth 
scheme: 

(2.7.1) Xo Xi 

{Wo,Eo)^^{Wi,Ei) 

Here Xi is the strict transform of Xq, and one can view each Xi as a closed subset of Wi {i = 0, 1). 
Hironaka points out that there is another context in which the data undergo a very similar law 
of transformation: Fix {Wo,Eq) as before, a coherent non-zero sheaf of ideals Jq in Owo^ an 
integer 6 > 0. We say that the 2-tuple {Jo,b) is a pair, and that Bq = (Wq, (Jo,6),-Eo) is a basic 
object. 

Let VxiJo) denote the order of {Jo)x at Owo,x- Define the singular locus of (J, 6) as: 

Sing(Jo,6) = {xeWo\ MJo) > b} 

which is a closed subset in Wq. 

Let Yq be a closed smooth subscheme included in Sing( Jq, b) {Yq C Sing( Jq, 6)), and assume that 

it has normal crossings with the hypersurfaces in Eq. Let Wq < — Wi denote the blow-up along Yq, 
and let Hi be the exceptional hypersurface. There is a factorization 

JoOwi = I{HifJi 

for some sheaf of ideals Ji in Wi. Define now (Ji,6) as the transform of {Jo,b) in Wi; and set 

(2.7.2) (Jo, 5) (Ji,6) 

(Wo,Eo)^^{Wi,Ei) 

We also say that Bi = {Wi, {.Ji,b), Ei) is the transform of Bq. Note that the data are Bq = 
(Wo, ( Jq, b),EQ), and that the transformation is defined when the center Yq is included in Sing( Jo, b) 
and has normal crossings with Eq. So, we always require this condition Yq C Sing(Jo,6), and if 
not, the transformation is not defined. 
Given Bq = (Wq, {jQ,b), Eq), we say that 

(2.7.3) {jQ,b) (Ji,5) {Jr,b) 

{Wq, Eq) (WuEi) ^ ^ {Wr, Er) 

is a resolution of the basic object Bq if Sing( J,., b) = 0. 

We introduce now the notion of the pull-back of a basic objects by a smooth morphism. This 
might seem artificial at first sight as the resolution problem involves only blow-ups, which are 
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birational, whereas a smooth morphism might not be birational. Special attention wih be drawn 
here to the compatibihty of constructive resolution with the pull backs by smooth morphisms(see 
I2.5p . and the importance of this property will show up along the exposition. 

Fix a basic object B = {W, {J,b), E) and a smooth morphism a : W — > W. Define B' = 
{W, {J',b),E') where J' = JOw, and E' the set of pull-backs of hypersurfaces in E. Note that 
Sing(J',6) = cr~^(Sing(J, 6)). Here B' is called the pull-back of B hy a : W — > W, and it is 
denoted by 

(2.7.4) (J, 6) {J',b) 

{W, E) ^ {W, E') 

To avoid confusion it will be explicitly indicated when this notation applies to the pull-backs of 
basic objects, and when to the transformations obtained by a blow-up. 

2.8. Constructive resolution also applies to basic objects. It constructs a resolution of a basic 
object by means of suitably defined upper semi-continuous functions gi with values on a fixed 
totally ordered set T. More precisely, given the input data Bq = {Wo,{jQ,b),EQ), it provides a 
specific resolution sequence as (|2.7.3p . defined by upper semi-continuous functions: 

(2.8.1) go : Sing(Jo,6) — > T, 51 : Sing(Ji, 6) — s- T, ... , g^^i : Sing( J^-i, 6) — >T, 



where 
(2.8.2; 



(Jo, 6) (Ji,6) 

{Wo,Eo) ^ {Wi,Ei) 

is defined by setting Yq = Max qn , the set of points where : Sing( Jo, b) — > T takes its maximum 
value. Then set 

(2.8.3) 

(Wi,Ei) ^ (H/2,E2) 

where Yi is defined as above by gi : Sing(Ji, b) — > T, and so on. And it has the property that for 
some r it provides a resolution. Namely, Sing(Jr,6) = 0. 

A smooth morphism ao : Wq — > Wq defines, say Bq = {Wq, {jQ,b), Eq), by taking pull-backs, 
and Sing(jQ,6) = o"(^^(Sing(Jo, 6)). Moreover, by taking successive pull-backs, ()2.7.3p defines 

(2.8.4) {4,b) (J(,6) (j;,6) 
iW(„E',) iWi,E[) ■ ■ ■ iW;,E',), 

together with smooth morphisms : — > Wi, and functions: 

(2.8.5) g[,:Sing(J^,&)^r, 5^ : Sing(J( , 6) ^ T, ... , g',_, : Smg{J^_„b) ^ T, 

by setting g'-{x) = gi{ai{x)). 

This constructive procedure that leads to the resolution of basic objects, also has the property 
of compatibility with pull-backs, as discussed in l2.5i In fact, this last compatibility will lead us to 
the compatibility of constructive resolution with smooth morphism in 12. 5i 

2.9. Why do we consider basic objects? 

Hironaka points out that the problem of resolution of basic objects appears as a common ancestor 
of the theorem of embedded resolution and that of Log-principalization. 

As for the latter, it is simple to check that a resolution of a basic object of the form Bq = 
{Wq, (J, l),-E'o) (with 6 = 1) defines a Log principalization of J. 

Let us focus here on the relation with resolution of singularities. Unfortunately it is not possible 
to attach to Xq C Wq, {Wo,Eo), a basic object Bq = (Wq, {Jo,b), Eq), with the condition that 
Sing(Jo,6) = Sing(Xo), and that this equality be preserved by transformations. When applying a 
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blow-up as in ()2.7.ip . the law of transformations relating the ideal of definition of Xq, say I{Xq) C 
Owoi with that of I{Xi) C Owi is called the strict transform of ideals. A law which is quite 
involved, whereas the law of transformation of basic objects in 12.71 is very simple. 

So the relation of resolution of basic objects with that of resolution of singularities requires 
some clarification. This leads us to the so called Hilbert Samuel function and the Hilbert Samuel 
stratification. 

Fix X G X, and define h : N — > N, where h{k) = 1{Ox,x/it^x) (length of the artinian ring). The 
graph is an element in N^, say h again. Order lexicographically, and define the function 

HSx -.X^n^, HSx{x) = h. 

This function is upper semi-continuous along the closed spectrum of X (the subset of closed 
points of X), and can be easily extended (uniquely) to an upper semi-continuous function on X. 
Let h = max HSx denote the maximum value achieved by the function, and let X{h) C X be the 
set of points where such value is achieved. A closed point x is in X{h) if and only if HSxix) = h. 

In general X{h) is not smooth. A Theorem of Bennett (see [3]) states that if y C X{h) is a 
closed and smooth subscheme, and if X' is as in (j2.7.ip (the strict transform of X), then 

(2.9.1) HSx{^{x))>HSx'{x) 

for any x € X' . This is known as Bennett's inequality. It ensures, in particular, that 

(2.9.2) h = max HSx > maxHSx'- 

Now set X'{h) as the points in X' where the function HSx' takes value h. If /i = max HSx > 
max HSx' then X'{h) = 0. But if h = max HSx', then X'{h) is not empty and it makes sense to 
define 

XX' X" 

^^■^■^^ w ^ W ^ W" 



by taking Y' C X'{h) as before. In this case h = max HSx = max HSx' > 

max HSx" • 

Define now X"{h) as before, thus it is empty if and only if /i > maxHSx" ■ The following 
result of Hironaka shows that basic objects relate to this setting, in which we start with a closed 
immersion X C W, and consider h = maxHSx- The next theorem assigns to these data a basic 
object, and one should draw attention to the fact that this assignment is only local. 

Theorem 2.10. (Hironaka) (First version) Fix X C W and {W,E), and set h = maxHSx- 
After replacing X C W and {W,E) by restriction to an etale cover of W , we may assume that 
there is a basic object B = (VF, (J, b), E), so that 

(1) Sing(J,6)=X(7^). 

(2) Set Xq = X, Wq = W , Eq = E, Jq = J- For any sequence of transformations 

Xq Xi X2 Xr 

(2.10.1) Try,, Try, '"'Y,._^ 

{Wo,Eo) ^ (WuEi) ^ (1^2,^2) ••• ^ {Wr,Er) 

constructed with centers Yi C Xi{h), there is a sequence of transformations of basic objects, 
obtained with the same centers, say 

{Jo,b) {,h,h) i.J2,b) (J,,6) 

(Z.iU.Z) 7ry„ Try, Try 

{Wo,Eo) ^ (WuEi) ^ {W2,E2) ■■■ {Wr,Er) 

and 

Smg{J„b) = Xi(h) 

for all index < i < r. Moreover, any sequence i2.10.2\) induces a sequence i2.10.1\) . and 
the previous equalities hold. 
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The theorem says that if HSxi Hilbert Samuel function of Xi, then Sing( Jj, 6) is the closed 

set of points x where HSxi (^) ~ ^- ^^^'^ ^^y^ that 

h = max HSx > max HSxr 

if and only if (j2.10.2p is a resolution of the basic object. 

In particular, if (j2.10.2p is a resolution of the basic object, then 

h = max HSx = maxHSxi = • • • = maxHSxr-^i > maxHSxr- 

Note here that the Theorem says that after restriction to a cover there are basic objects attached 
to the highest value h. Theorem 12.101 guarantees the existence of a basic object satisfying the 
properties as described there. However, there may be many such basic objects, and a priori we 
don't know if the resolutions of these basic objects, only locally defined over an etale cover, would 
patch to provide the global resolution. Still, we state the following optimism that such a patching 
can be done. 

Claim 2.11. (Optimistic) If we know how to construct resolutions of the basic objects attached 
to the highest value h by this Theorem, then a sequence of blow-ups at closed smooth centers over 
X C W, {W,E), can be constructed so that the maximum value of the Hilbert Samuel function, 
say h, drops. 

Before we carry on with the discussion and justification of the claim, let us indicate that there 
is another Theorem of Hironaka which says that, in order to prove resolution of singularities of 
X, it suffices to prove that given X C W, {W,E), a sequences of transformation as above can be 
constructed so that h = max HSx > maxHSxr (see Chapter 8 in [2Dj). Namely, this procedure 
will not go for ever, and if X is a reduced variety, then this procedure applied finitely many times, 
will lead to say Xr' regular. 

In other words, this last Theorem together with Theorem l2.10l savs that resolution of singularities 
can be achieved if we know how to obtain resolution of basic objects in some clever way (so that 
the claim holds). 

Theorem 12.101 savs that given X C W, {W, E), and setting h = max HSx, one can attach to this 
value a basic object after restriction to a cover of W. Let us emphasize that this provides local 
solutions to the problem of resolution of singularities over the open subsets of a cover, and that the 
remaining issue is to figure out how to patch these local solutions to provide a global solution. 

2.12. On weak equivalence and a closer view of our Optimistic Claim: 

Fix X C W, {W, E) and a smooth morphism a : W — > W, then new data, say X' C W, 
{W',E'), are obtained by taking pull-backs. If a : W' — > W is an open immersion what we get is 
the usual restriction. Of course the formulation of resolution of singularities involves only blow-ups 
along smooth centers, and not smooth morphisms. Pull-backs by smooth morphisms are to be 
thought of as auxiliary maps, and they will be essential in the proof of the previous claim. 

Definition 2.13. Given a basic object Bq = {Wq, {J(),b), Eq), define a local sequence as 

(Jo, 6) (Jl,6) {J2,b) {Jr,b) 



(2.13.1) 
where each 
(2.13.2) 



{Wo,Eo) ^ {Wi,Ei) ^ {W2,E2) ■■■ ^ {Wr,Er 

{Ji,b) {Ji+i,b) 
{W^,Ei) ^ {Wi+i,Ei+i) 



is either: 

A) a blow-up with center Yi C Sing(Jj,6) as in ()2.7.4p . say 
(2.13.3) }'-'\ ... , ^''-"'^'^ ^ 
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B) or obtained by a smooth morphism : Wi+i — > Wi, and setting ( Jj+i, 6) and (Wj+i, E'i+i) 
by pull-backs. 

A basic object Bq = (Wq, {Jo,b), Eq) defines a closed set Sing(Jo,6) in Wq. Moreover, for any 
local sequence as above it defines the closed set Sing(Jj,6) in Wi, < i < r. There can be many 
local sequences defined for Bq. So there are many closed sets defined in different smooth schemes, 
starting with Bq and considering all possible local sequences (|2.13.ip . 

Now we introduce an equivalence among basic objects, so that two basic objects are equivalent 
if and only if they define the same family of closed sets: 

Definition 2.14. Let Bq = (Wo, (Jq, b),E(j), and Bq = [Wq, {KQ,d),Eo) be two basic objects (same 
{Wq,Eq)). They are said to be weakly equivalent if every local sequence of Bq, say 

^ ' {Wo,Eo) ^ {Wi,Ei) ^ ■■■ ^ {Wr,Er) 

defines a local sequence of Bn, say 



(2.14.2) 



{Ko,d) {Ki,d) {K2,d) {Kr,d) 

{Wo,Eo) ^ {Wi,Ei) ^ {W2,E2) ••• ^ {Wr,Er) 



and Sing(Jj,6) = Sing{Ki,d) < i < r. And conversely, any local sequence of Bq defines a local 
sequence of Bq and both define the same closed sets. 

Intuitively we think of a basic object as an tool to define closed sets. In fact Bq = {Wq, ( Jq, b), Eq) 
defines a closed set in Wq, namely Sing(Jo,6), it also defines closed sets by taking pull-backs by 
smooth morphisms and also by taking transforms as defined in (j2.13.3p . So two basic objects 
Bq = {Wq, (Jo, b), Eq), and Bq = (Wq, {Kq, d), i?o) are weakly equivalent when they define the same 
closed sets. As a first example one can check that Bq = (Wq, ( Jq, b),Eo) and B'q = (Wq, {J^,2b),Eo) 
are equivalent. This abstract notion of equivalence will find now its justification as we formulate 
below the link of Hilbert Samuel stratification with basic objects in Theorem 12.181 

Let us first extend the notion of local sequence for data of the form X C W, {W,E). 

Definition 2.15. Given X C W, {W,E), set Xq = X, Wq = W, Eq = E, and define a local 
sequence as 



(2.15.1) 

where each 
(2.15.2) 



Xq Xi X 

iWo,Eo) ^ {Wi,E^) ^ ■■■ ^ {Wr^Er 



{W^,Ei) ^ {Wi+i,Ei+i) 



is either: 

A) A blow-up with center Yi having normal crossings with Ei and included in Xi as in (|2.4.ip . 

say 

(2.15.3) ^Y- 

{W„Ei) ^ {Wi+i,Ei+i) 

Here Xi^i denotes the strict transform of Xi. 

B) A smooth morphism Uj : Wj+i — > Wi, and setting Xj+i and (Wi+i,-Ej+i) by pull-backs. 

2.16. The Hilbert Samuel function HSx ■ X — > can be defined for any scheme Xi in the 
sequence, and they were compared in ()2.9.ip for transformations of type A). 
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If Ui : Wi+i — > Wi is smooth and x G ^i+i, we cannot claim that HSxi+iix) = HSxi{cri{x)) 
unless the morphism is etale. But the value HSxi+^ix) can be obtain from HSxi{(^i{x)) if we know 
the dimension of the fibers of cjj : VFj+i — > Wi. So even if it is not strictly true we will say that 

(2.16.1) HSx,^Ax) = HSxMi^))- 

Strictly speaking HSxi+i stands here for a function which is not the Hilbert Samuel function but 
gives equivalent information. A precise statement about these facts can be found in |20]. The 
following is a natural generalization of ()2.9.2p . 

Remark 2.17. Fix X CW, {W,E). Set Xq = X,Wo = W, Eq = E, and fix a local sequence 
(j2.15.1|) . Let the functions HSxi be defined as above, and set 

Fi = MaxHSx, = {x e Xi \ HSxM = maxHSxA- 

Assume that Yi C Fi for every transformation of type A) in the sequence. Then 

max HSxq > max HSxi > ' ' ' ^ max HSx,. ■ 

For each sequence as above set h = max HSx and let Xi{h) be the set of points x ^ Xi so that 
HSxiix) = h. Note that Xr{h) is not empty if and only if 

max HSxo ~ max HSxi = ■ ■ ■ = max HSxr ■ 

The following extends the results in Theorem l2.im as it extends the class of morphisms involved 
among the transformations. It says that the link between the basic objects and Hilbert Samuel 
functions is even stronger as pull-backs obtained by smooth morphism are also considered. 

Theorem 2.18. (Hironaka) Fix X C W and {W,E), and set h = maxHSx- After replacing 
X C W and {W,E) by restriction to a finite etale cover of W , a basic object {W,{J,b),E) can be 
defined so that: 

(1) Sing(J,6)=X(7^). 

(2) Set Xq = X, Wo = W, Eq = E, Jq = J. If a local sequence 

^ ' {Wo,Eo) ^ iW,,E^) ^ ... ^ {Wr,Er) 

is constructed with centers Yi C Xi{h) every time when Wi < — Wj+i is a transformation 
of type A ), then the same sequence is a local sequence of the basic object, say 

,,,,,, {J0,h) iJl,b) iJr,b) 

[Z.lo.Z] Try,, TTv-, TV 

{Wo,Eo) ^ {Wi,Ei) ^ ... {Wr,Er) 

and 

Smg{Ji,b) = X,(h) 

for all index < i < r. Moreover, any local sequence of the basic object i2.18.i^) induces a 
local sequence \2.18.1]) with the previous conditions. 

Remark 2.19. 1) Fix X C and {W, E),h = max HSx. Let B = {W, (J, 6), E) be a basic object 
attached to the value h as in Theorem 12.181 

Assume now that there is another basic object B' = {W, {K,d),E), which is weakly equivalent 
to i3 = {W, (J, b),E). Then one can replace B hy B' = {W, {K, d),E) in Theorem [2T8l In fact both 
B and B' are basic objects that provide the same closed sets. 

2) On the cover and the problem of patching. Note that Theorem 12.181 does not claim that 
given X C W, {W,E), there is a basic object B = {W, {J,b),E) attached to the value h with the 
prescribed property. It says that this holds after restriction to an etale cover. Let us insist on this 
point as it is the key for the definition of the functions in Constructive Resolution. 
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Suppose that Ux, Ufj are two charts of the cover of W, and that X\ C U\, {U\,E\) and Xp C 
Up, {Up,Eii) are obtained by restriction. Hironaka asserts that there is a basic object B\ = 
{Ux, {Jx,bx), Ex) attached to the value h = maxHSx (and a basic object Bp = (Up, {Jp,hp),Ep) 
attached to the same value h = maxHSx)- Note in particular that a resolution of this first basic 
object defines a sequence of blow-ups of Xx C Ux, (Ux,Ex) so that the final strict transform of 
Xx has a Hilbert-Samuel function which takes values strictly smaller than h at any point. As was 
indicated before, if we want to claim that there is a similar global statement for X C W , {W,E) we 
have to make sure that the resolutions of the different basic objects, say Bx and Bp, somehow patch 
to provide a sequence of blow-ups along W . In this case the resolutions of these locally defined 
basic objects can be expressed as restrictions of a sequence of blow-ups along {W, E). 

Set formally Ux,i3 = Ux ri Up. Here Ux,p — > Ux is smooth and defines pull-backs both of 
Xx C Ux, iUx,Ex) and of Bx = {Ux,{JxM),Ex). We denote them by Xx,p C Ux,p, {Ux,p,Ex,p) 
and B^ = {Ux,p, {J^,bx), Ex,p), respectively. 

Similarly, Ux,p — > Up is smooth and defines pull-backs both of Xp C Up, {Up,Ep) and of 
{Jp,bp), {Up,Ep), say Xx,p C Ux,p, {Ux,p,Ex,p) and B^ = {Ux,p,{J^,bp), Ex,p). 

Recall now Definition 12.141 in which two basic objects are defined to be weakly equivalent when 
they define the same closed sets, in a very precise way, involving all possible local sequences. 

Main observations: 

(1) Each Bx = {Ux, {Jx,bx), Ex) is well defined only up to weak equivalence. 

(2) The basic objects B^ and B^ are weakly equivalent. 

These two main observations follow from the fact that the Theorem applies to the same value 
h = max HSx, both for Xx C Ux, {Ux, Ex) and the basic object Bx, and also for Xp C Up, {Up,Ep) 
and the basic object Bp. 

Main Challenge: Define, as in 12.81 a totally ordered set T and a procedure of resolution of basic 
objects, by means of upper semi-continuous functions with values on T, so that two basic objects, 
say Bq = {Wo, {Jo,b), Eq) and Bq = {Wo,{KQ,d),EQ), which are weakly equivalent, undergo the 
same resolution (j2.14p . 

The constructive resolution of basic objects will accomplish this requirement. Moreover, suppose 
that the constructive resolution of Bq is 

{J0,b) {Ji,b) {Jr,b) 

^ ^ {Wo,Eo) {W„E,) ^ ... '^^^ {Wr,E,) 

defined recursively in terms of functions hi : Sing( Jj, b) — > T; and that 

{Ko,d) {Ki,d) {Kr,d) 

(2.19.2) Try, TTy, TTy, 

{Wo,Eo) ^ {Wi,Ei) ^ ... {Wr,Er) 
is the resolution of Bq, defined in terms of functions, say h'- : Sm.g{Ki, d) — > T. Then, 

hi = h[, 0<i<r 

as functions on Sing(Jj,6) = Smg{Ki,d), and in particular Yi = Y- . This guarantees that two 
weakly equivalent basic objects will undergo the same constructive resolution. 

The resolution of each basic object obtained by the constructive procedure will be defined so 
as to be compatible with weak equivalence. This will ensure the patching required, in order to 
come from Theorem 12.181 to that of Resolution of singularities a la Hironaka, namely by lowering, 
successively, the highest value of the Hilbert-Samuel function. 

This is what we had previously formulated here as the Optimistic Claim. 

2.20. The elegance of Hironaka's philosophy: Functions compatible with weak equiv- 
alence. 
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Theorem 12.181 indicates that basic objects are to be considered up to weak equivalence. So 
Hironaka suggests us to view B = {Wq, {Jq, b),Eo)) simply as a tool to define closed sets. And our 
Main Challenge is to find a totally ordered set T, and a procedure of constructive resolution of 
basic objects, by means of functions with values on T, in such a way that two weakly equivalent 
basic objects are treated in the same manner. This means that the upper semi-continuous functions 
defining the resolution should be the same for two basic objects that are weakly equivalent. 

The functions defining a resolution are expected to take maximum value on a smooth subschemes. 
But let us first leave aside this aspect of smoothness at this point, and simply draw attention on 
the definition of functions on basic objects which are compatible with weak equivalence. 

The strategy is simple: 



Find a totally ordered set T and assign to any B = (Wqi (>^0) ^)-E'o) an upper semi- 
continuous function 

hB ■■ Sing(Jo,6) — > T 

in such a way that the value hi3{x) € T (x G Sing(Jo,6)) can be expressed in terms of 
the closed sets defined by B. 



Recall here that by "closed sets defined by a basic object" Hironaka does not mean the closed set 
Sing(Jo, b), he means the closed sets Sing(Jj, b) in Wi, for all possible local sequences of B (j2.13.ip . 

No matter how abstract this approach might seem at first sight, what is clear is that B = 
(Wq, (Jo, b), Eq), and B' = (Wq, (Kq, d), Eq) are weakly equivalent the two functions 

Kb ■ Sing( Jq, b) — > T and /ig/ : Sing(i('o) d) — > T 

are the same (recall that Sing(Jo,&) = Smg{KQ, d)). 

The following is the main example of a totally ordered set T and of functions /ig which fulfill 
the previous condition: 

Theorem 2.21. Take T = Q as the totally ordered set. Given B = {Wq, {jQ,b),Eo), and a point 
X G Sing(Jo,5), the rational number i^^^^^sl be expressed by the closed sets defined by B. Here 
i^x{Jo) denotes the order of Jq at the regular local ring Owo,x- 

As i^x{Jo) is an upper semi-continuous function on x, the function 



(2.21.1) ordB : Sing(Jo,6) ^Q; ordB(x) 

is also upper semi-continuous. 

The proof will be addressed in lG.ll fsee also l2.23"]) . The discussion in the following example already 
gives a nice motivation. 

Take Wq = = Spec{k[X]) and set B = (Wq, (Jo,6),^o = 0), = (AT"), for some a G Z>o 
such that a > b (otherwise Sing(Jo, b) = 0). Now Sing(Jo, 6) = O is the origin and ordg(O) = ^. 

If we blow up O what we get is the identity map, but if we follow the law of transformation of 
basic objects we obtain (Ji,6) where Ji = {X"-"^). If a — b > b then Sing(Ji,6) = O and if we 
blow up this point we obtain {J2,b) where J2 = (A"^^''). We can blow up r-times at O if and only 
if a — (r — 1)6 > b. In particular the biggest integer r for which one can blow up r-times, is the 
biggest positive integer r so that 

a-{r-l)b>b. 

Note that such integer, say ro, is the integral part of the fraction |, say rg = [|J. 

So ro can be expressed as the largest integer r for which there is a sequence of local transforma- 
tions of B consisting of r successive blow ups at O. There is a local sequence of length rg: 

/n 91 ON (-^0,^) {Ji,b) iJro,b) 

^ ' {A\Eo) ^ {A\E^) ^ ■■■ ^ {A\Er,) 
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obtained by blowing up at the origin at each step, and Sing( J^q , 6) = 0. So there is no local sequence 
of length ro + 1 obtained by blowing up at the origin. 

In other words tq = J is information encoded by the closed set defined by this particular 
sequence of transformations of B: 

Sing(Jo, b) = O, Sing(Ji, 6) = O, . . . , Sing( J,„_i, 6) = O, Smg{Jr„b) = 0. 

Of course the integral part of the fraction is only an approximation, but there are many other local 
sequences of transformations of B as local sequences also allow us to take pull-backs by smooth 
morphisms. What Hironaka shows, and it is well illustrated in the proof in is that using this 
larger class of local sequences, one can find out exactly the value ^. 

Corollary 2.22. If B = {Wq, {Jo,b), Eq) and B' = {Wo,{Ko,d),Eo) are weakly equivalent, then 

b ~ d 

at any x G Sing(Jo, b) = Sing(A'o) d)- 

Proof. This occurs because the weakly equivalent basic objects B and B' define the same closed 
sets. O 

Remark 2.23. The argument that Hironaka uses in his proof of Theorem 12.211 to be developed 
in 16.11 can be expressed roughly as follows: Fix a basic object Bq = (VFq) (Jo^b), Eq), and a point 
xq G Sing(Jo,6). Consider a local sequence, say 

Cr,no-|>, {Jo,b) (Ji,6) (J2,6) {Jr,b) 

together with points Xi G Sing( Jj, 6)(C VFj), < i < r, so that each Xi maps to Xj_i (in particular 

all Xi map to xq). He proves that the rational number ordg(,(xo) = can be specified once you 

know the local codimension of Sing(Jj,6)(c Wi) at Xj, for all local sequences, and for all choices 
of Xi as above. The argument makes essential use of maps of type B) in the definition of a local 
sequence in 12.131 (namely, of pull-backs of basic objects by smooth morphisms). 

2.24. A common frame in the previous discussions. 

Once we fix ;B = {Wq, (Jq, 6), E^), the local sequences of transformations of B define closed sets. 
The following definitions will apply naturally to this situation. 

Definition 2.25. Fix {Wq,Eq) as in 12.21 and define a sequence over (Wq^Eq) as: 
(2.25.1) (m),^o)- {Wi,Ei)^ ••• {Wr^Er) 

for some integer r, where each {Wi,Ei) i — (Wj+i, E'j+i) is either: 

A) A blow-up along a smooth center Yi having normal crossings with Ei, in which case 



IS as m 

B) A pull-back by a smooth morphism Wi < — Wj+i in which case Ei^i is defined as in 

Many sequences can be constructed over (WqjEq). We now introduce a notion of an assignment 
of closed set over (Wo,Eq). The idea is to assign closed sets Fi in Wi, < i < r, to a sequence 
(|2.25.ip : however such assignment of closed sets will be defined only to some of these sequences. 

For example, if we take B = {Wq, {Jo,b), Eq), then we will assign Fq = Sing(Jo;^) to Wq. If 
{Wq, Eq) i — (Wi, El) is obtained by a blow-up along Y, then a closed set will be assigned to Wi, 
namely Fi = Sing(Ji,5), only if y C Fq f see [27271) . 

Therefore the definition of an assignment has to indicate which are the sequences for which closed 
sets will be assigned. We do this by induction on the integer r. 
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Definition 2.26. Define an assignment of closed sets over (Wq, Eq), say (J-", {Wo,Eq)), to be given 
by: 

(1) A (unique) closed set Fq C Wq. 

(2) Fix a sequence (|2.25.1|) . and assume that, for tlie sequence defined by the first r — 1 steps, 
an assignment of closed sets, say 

^^■^^■^^ (Wo^Eo) ^ (WuEi) ^ ... ^ {Wr-l,k-i) 

is defined. Here Fq is as above. We now give conditions in order to decide when closed sets are 
assigned to (|2.25.ip . In such a case we will denote them by 

(2-26-2) (Wo^Eo) ^ (WuEi) ^ ... ^ ^ (Wr^Er) 

(same Fq, . . . , Fr-i as above): 

2A) If (Wr^i, Er-i) {Wr,Er) is a blow-up along a smooth center, we require that the center 
Yr-i be included in Fr^i. If so, a unique closed Fr is assigned in Wj-, with the property that 

Fr\Hr = Fr-l \ Y^-l, 

where = 'n~^i{Yr-i) denotes the exceptional hypersurface of the blow-up. 

Sometimes we will impose some extra condition on the choice of the smooth centers; but these 
conditions will arise quite naturally. 

2B) If (VVV-i, E'r-i) i — {Wr,Er) is a pull-back by a smooth morphism, say a : Wr — > Wr-i, 
then a closed set Fr is assigned to Wr, and moreover 

Fr = a'\Fr^i). 

We would like to emphasize that, as it was previously indicated, an assignment of closed sets 
over {Wq, Eq) defines closed sets for a sequence (j2.25.ip only when this sequence fulfills the specific 
extra condition indicated as above. In each case we dictate the specification telling which sequences 
are the ones for which there is an assignment. Note that the specific and extra condition is imposed 
only for transformations of type 2A). 

Example 2.27. A basic object B = {Wq, {Jo,b), Eq) defines an assignment of closed sets on 
{Wq,Eq), say 

{Trs,{WQ,EQ)), 

in the following way: 

1) Fo = Sing(Jo,6). 

2) For any local sequence (I2.13.ip . the assignment of closed sets is 

. . Sing(Jo,6) Sing(Ji,6) Sing(Jr,6) 

^ ' {Wq,Eq) ^ {W,,E,) ^ ... ^ {Wr,Er) 

Remark 2.28. 1) In Example 12 . 271 (of the assignment of closed sets defined hy B = {Wq, {jQ,b), Eq)), 
the only sequences over {Wo,Eq) for which closed sets are assigned are the local sequences of the 
basic objects in Definition 12.131 There are many sequences (|2.25.ip over {Wq,Eq), but closed sets 
are assigned only to those in Definition 12. 13[ 

Recall that a local sequence of the basic object B = {Wq, {jQ,b),EQ), say (|2.27.ip . was defined 
with the only condition that for any index i for which 

^or>f^^^\ Sing( Jj, b) Sing( Jj+i, 6) 

^ ' {W„E,) ^ {W,+i,E,+,) 

is given by a blow-up, its center Yi should be included in Sing(Jj,6) (and have normal crossings 
with Ei). It is clear that properties 2A) and 2B) in \T26\ hold for {Tb, {Wq,Eo)). 
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2) Important: Two basic objects B and B' = {Wo,{KQ,d),E()) are weakly equivalent if and 
only if they define the same assignment of closed sets. 

The main example of assignment of closed sets is the one defined by a basic object as above. 
The following parallels the definition in ()2.7.3p . 

Definition 2.29. (Resolution of an assignment of closed sets). Let {T,{W,E)) be an as- 
signment of closed sets. A sequence 

Fq Fi Fj. 

^^■^^■^^ {W,,E,) ^ {W,,E,) ^ ... iWr,Er) 

(with closed sets Fi assigned to Wi, < i < r) is a resolution of {F, {W, £')), if = and each vrj 
is a blow-up ( see 2 A) in Definition I2.26p . 

Example 2.30. Fix a reduced subscheme Xq C Wq and {Wo,Eo), then an assignment of closed 
sets is defined in 12.151 by taking: 

1) Fo = Xo in Wo. 

2) for any local sequence, set Fi = Xi, namely 

So closed sets are assigned in this case, only for sequences over (Wq, Eq) that arise from a local 
sequence as those defined in 12.151 

2.31. Assignments of closed sets and functions; a useful Lemma. 

The reader might want to look first into Example 12.331 to motivate the following definition. 

Definition 2.32. Define an assignment of closed sets and functions over {Wq, Eq), say {£F, {Wq, Eq),T), 
as an assignment of closed sets over {Wq, Eq), say {F, {Wq, Eq)), together with upper semi-continuous 
functions on a totally ordered set T. Namely, 

(1) A (unique) closed set Fq in Wq, and a unique upper semi-continuous function (/o : Fq — > T. 

(2) Given a sequence over {Wq,Eq), say 

(2.32.1) ^Wq,Eq)^{Wi,E,)^ ... ^{Wr,Er) 

and assuming that closed set are assign to it by {F, {Wq,Eq)), say 
f2 32 2) ^° 

^ ' {Wq,Eq) ^ {W^,Ei) ^ ... ^ {Wr,Er) 

then (unique) upper semi-continuous functions, say 

Qi-.Fi^T 0<i<r, 

are defined, and they have the following properties: 

A) If Wi i — VFj+i is monodal trasformation with center Yi, then 

9i+i{x) = gi{x) 
for any x G Fj+i \ Hi+i = Fi\Yi. 

B) If Wi ^ Wi+i is a smooth morphism then 

9i+i{x) = gi{<y{x)) 

for any x G Fj+i = cr"^(Fi). 

Example 2.33. {Hironaka's assignment). Take T = Q. For any basic object Bq = {Wq, {Jq, b), Eq), 
an assignment of closed sets and functions, say {"HE, {Wq, Eq),T = Q), is defined by setting: 

(1) Fo = Sing( Jo, b) and go = ordg,, : Sing( Jo, b) ^ T (see dMLl])). 

(2) Assign, for any sequence ()2.27.ip . Fj = Sing(Jj,6) and gi = ordg- : Sing(Jj,6) — > T. 
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Here the role of {T, {Wq, Eq)) in the previous Definition 12.321 is played by (T^f^, {Wq, Eq)) in 
[2:271 Corollary [222] ensures that if Bq = (Wq, {Jo,b), Eq) and B'q = {Wo,iKo,d),Eo) are weakly 
equivalent, then they define the same assignment of closed sets (J^Bq) (^Oi-^'o))) and also the same 
assignment of closed sets and functions. 

Example 2.34. Fix T = with the lexicographic order. Given a reduced subscheme Xq C Wq 
and {WqjEq), consider the assignment of closed sets in 12.301 together with the Hilbert Samuel 
functions: 

(1) Assign to Wq the closed set Fq = Xq, and the function HSxo '■ -^0 — ^ the Hilbert 
Samuel function of Xq. 

(2) For any sequence (|2.30.ip . set Fj = Xi and HSxi ■ -^i — ^ the Hilbert Samuel function 
of Xi, < i < r. 

Recall Bennett's inequality in (j2.9.1|) as a first motivation for the next definition: 

Definition 2.35. An assignment of closed sets and functions, say {£F, (Wq, Eq),T), will be said 
to be non-increasing if the following property holds: 

Whenever sets and functions are assigned to a sequence (|2.32.1|) . say 

^^•^^■^^ (Wq^Eq) ^ {Wi!e,) ^ ... ^ (Wr^Er) 

and functions 

go: Fq — >T, gi : Fi — >T,... gr : Fr — yT, 

and if, in addition, for each index i for which Wi <^ VFj+i is a monodal trasformation the center 
is included in Max eg (i.e., Yi C Max q,), then 

(2.35.2) gi{TTi{x)) > gi+i{x) 

for any x G i^j+i. 

Remark 2.36. Note that in the setting of the previous definition: 

max go ^ max gi ■ ■ ■ > max g^. 

Check that the assignment of closed sets and functions in Example 12.341 is non-increasing (see 
(|2.9.ip ). whereas the assignment in Example 12.331 does not have this property. 

Non-increasing assignments will be very useful for the further development, as we indicate below. 
The reader might want to look into the Example 12.391 

Lemma 2.37. (Handy Lemma) Suppose that the assignment of closed sets and functions [SF, {Wq,Eq),T), 
is non-increasing. Let max (70 be the highest value achieved by gQ : Fq — > T. 

Then a new assignment of closed set, say (J^(maxgo)) {Wq,Eq)), is defined by setting 

(1) i<b(maxg'o) = Max qq in Wq (the closed subset of points of Fq where the function gQ takes 
the maximum value maxgrgj. 

(2) Firstly, assume that a sequence 112. 32. 1\) is such that sets and functions are assigned by 
{£F,{Wq,Eq),T), say 

('2 37 1 ^ -^0 ^1 Fr 

^ ' {Wq,Eq) ^ {Wi,Er) ^ ... ^ {Wr,Er) 

and 

gi-.Fi^T, 0<i<r. 

Secondly assume that Yi C Fj(max(jro) for any index i for which {Wi,Ei) i — (VFj+i, £'j+i) 
is a blow-up with center Yi, where Fi{max go) denotes the subset of Fi at which gi takes the 
value max gQ. 
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When these conditions hold, attach to this sequence the closed sets 

, , Fo(maxgo) Fi(maxgo) Fr(maxgo) 

^ ' {Wo,Eo) ^ {Wi,E,) ^ ... ^ {Wr,Er) 

2.38. One can check from 12.36] that either Fr{inax go) = or 

max go = max gi - ■ ■ = max g^ 

and -Fj(max(7o) = Max eg for < -i < r. A first example in which the Handy Lemma apphes is on 
the assignment of closed sets and functions in l2.34t 

Example 2.39. (The Hilbert Samuel assignment of closed sets). 

Fix Xq C Wq, (Wo,Eq), and set h = maxHSxo- We now define an assignment of closed sets 
over (Wo,Eq) corresponding to the value h = maxffS'x,,, say 

{T(h),{Wo,Eo)). 
Recall the definition of a local sequence ()2.15.ip : 

^ ' {Wo,Eo) ^ {Wi,E,) ^ ... ^ {Wr,Er) 

where each 

(2.39.2) 



{Wi,Ei) ^ {Wi+i,Ei+i) 

is obtained either by a suitable blow-up with center Yi C Xi, or by a smooth morphism cjj : 
— > Wi. Recall also the assignment of closed sets and functions in Example [23H obtained 
from the functions HSxi • -^i — ^ 

Remark 12.171 shows that a new assignment of closed sets is defined by setting 

(1) Fo = X{h) 

(2) For any local sequence ()2.39.ip . with the extra condition that Yi C Xi{h) if ()2.39.2p is 
obtained by a blow-up, set 

Fi = Xi(h) 0<i<r. 
3. On GENERALIZED BASIC OBJECTS 

3.1. General basic objects of dimension d. 

We want to identify the basic objects that are weakly equivalent. The notion of assignment of 
closed sets was appropriate since two basic objects are weakly equivalent if and only if they define 
the same assignment (see Remark 12. 28p . 

Moreover, Theorem 12.211 of Hironaka says that a basic object defines an assignment of closed 
sets and functions, with the functions order introduced in ()2.21.ip . 

The objective of this section is to introduce new examples of assignments. They will all be 
relevant for our further discussion: 

(1) In Definition 13 . 61 new assignments will be introduced by patching assignments obtained from 
basic objects. 

(2) In l3. Ill and 13. 121 we introduce an assignment of closed sets in terms of a basic object together 
with a closed immersion (Embedded Basic Objects). 

(3) In Definition 13.131 a class of assignments of closed sets is defined by patching assignments 
as in 2). 

Fix notation as in Definition 12.261 for an assignment {T,{Wq,Eq)). Assume now that a short 
sequence 

(3.1.1) {Wo,Eo)^{Wi,Ei) 
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(obtained either by a smooth morphism or by a blow-up) is such that there are closed sets assigned 
to it, say 

1 2) 

' {Wo,Eo) ^ {Wi,E,) 

Consider now all sequences over {WqjEq) of the form 
(3.1.3) {Wo,Eo)^{Wi,E^)^ ... ^{Wr,Er) 

namely all those sequences which begin with the short sequence (|3.1.ip . for which closed sets, say 

^ ' {Wo,Eo) ^ {Wi,Ei) ^ ... ^ {Wr,Er) 

are assigned. 

One can check that a new assignment of closed sets is defined now on {Wi,Ei), say {Ti, {Wi,Ei)), 
by setting Fi in Wi, and taking, in general, all sequences p.l.4p where we neglect the first step. 

Definition 3.2. Fix the notation as above, define (J^i, (Wi,Ei)) as the transform of {F, (Wq, Eq)), 
and denote it by 

^^•^•^^ {Wo,E^) ^ (T^fW) 

Example 3.3. Let the notation be as in Example 12.301 where the assignment of closed sets defined 
by Xq C Wq, [Wq^Eq) is introduced. Set r = 1 in (|2.3().ip . say 

^ ' {Wo,E^) ^ (H^i,Si). 

The transform (J^i, {Wi,Ei)), in (f3XT]l . is the assignment defined by Xi cWi, (Wi,Ei). 

Example 3.4. A similar observation applies to the assignment in Example 12.271 defined by Bq = 
(Wo, (Jo, b),Eo). If we set r = 1 in (12.27.11) . say 



(3.4.1) 



Sing(Jo,6) Sing(Ji,6) 



iWo,Eo) ^ (WuEi), 

the assignment (J^i, {Wi,Ei)) in ETT) is that defined by Bi = {Wi, {Ji,b),Ei). 

3.5. A transformation of an assignment (J-", (Wo,-E'o)) arises naturally if we take Wq < — Wi to be 
an open immersion in (j3.2.ip . In this case, set Wi = U open in Wq, and set (|3.2.ip as 

^ ' {Wo,Eo) ^ {U,Eu) 

This is a natural notion of restriction, which we also apply when Wq U is etale. 

A new class of assignments of closed sets will be introduced, called general basic objects. There 
will be two such notions: embedded and non-embedded, we begin by the latter. 

Definition 3.6. Fix (WqjEq), where Wq is smooth of dimension d. An assignment of closed sets 
(J-", {Wq,Eq)) is said to be a non- embedded general basic object of dimension d if there is an etale 
cover of Wq by charts, say {Ux}, so that each restriction 

{{F)u,,iUx,Ex)) 
is the assignment defined by a basic object Bx = {Ux, {Jx,bx), Ex). 
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Remark 3.7. 1) If (Jg, {Wq, Eq)) is the assignment defined by a basic object B = (Wq, ( Jq, Eq), Eq)), 
as in ()2.27p . it is clearly a general basic object. 

2) If Bx = {Ux, {J\,bx), Ex) and B'^ = {Ux,{Kx,dx),Ex) are weakly equivalent (see Definition 
I2.14|) . then Bx can be replaced in the previous definition by B'^ as both define the same assignment. 

3) Take two charts of the cover, say Ux and Ufs- The restrictions of Bx = (Ux, {Jx,bx), Ex) and 
of Bfs = {Ui3, {Ji3, hi3),Ep) to Ux n Up are weakly equivalent as both define the same assignment. 

4) If 

^^•^■^^ {wIeo) ^ m^E^) 

is a transformation as in ()3.2.ip . then {J-i, {Wi,Ei)) is also a general basic object. To check this, 
take the natural lifting of the cover {Ux} on Wq^ say 

/q 7 r,^ {J\,bx) iiJ\)i,bx) 

^ ' {Ux,Ex) ^ {{Ux)i,{Ex)i) 

5) If Fq C Wo is the closed set assigned by (T, {Wo,Eq)), then there is a function 

ord :Fo — ^ Q 

obtained by patching the functions ord^ : Sing(JA,6A) — > Q (see 3) and Corollary 12. 22p . 

Corollary 3.8. A non-embedded general basic object, say {T, {Wq, Eq)), defines an assignment 
of closed sets and functions (see Definition \2.31\) . say (?^F, (VFq, £^o)) Q); iy choosing Hironaka's 
functions order: 

(1) Set go = ord : Fq — > Q as above. 

(2) Consider a sequence over {Wo,Eo), say {Wo,Eo) i — {Wi,Ei) i — ... < — (Wr,Er) for 
which closed sets are assigned, say 

(oo^\ ^0 Fi Fr 

^ ' {Wo,Eo) ^ {Wi,Ei) ^ ... ^ {Wr,Er). 

Set gi = ordj : Fi — > Q for all < i < r. 

Let us reformulate Hironaka's Theorem 12.181 in terms of assignments. More precisely, in terms 
of general basic objects as defined in 13.61 

Theorem 3.9. (Hironaka). Fix Xq C Wq and {Wo,Eq). Set h = uiayiHSxo- The assignment of 
closed sets {T{h), {Wo,Eq)) defined by Xq and h in Example \ 2. 391 is a non-embedded general basic 
object of dimension d = dim Wq- 

3.10. We generalize now the concept of a basic object, by taking a basic object together with a 
closed immersion. This will define an assignments of closed sets and, in order to ease the notation, 
we shall call it an embedded basic object. 

So here an embedded basic object will be an assignment of closed sets defined by a basic object 
and a closed immersion. This notion will be essential for our forthcoming discussion. There will be 
two distinguished cases: tame, and non-tame, according to the conditions on the immersion. 

3.11. Embedded basic objects: the Tame Case. Fix {Nq,Eq), where A'^o is smooth and 
Eq = {Hi, . . . , Hg} is a set of hypersurfaces with only normal crossings. Let Wq be a closed 
smooth subscheme in Nq and assume that each Hi € Eq intersects Wq transversally, defining a 
smooth hypersurface H^. Moreover, assume that Eq = {Hi, . . . , Hg} have normal crossings in Wq. 
In what follows this strong transversality condition will be indicated by: 

(3.11.1) Eq = E'^ Wq. 

Fix a non-zero ideal Jq in Owo, a positive integer b and the basic object Bq = (Wq, {Jq, b), Eq). 
Set Fq = Sing(Jo,6), which is closed in Wq and hence in Nq. Bq defines an assignment of closed 
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sets over (Wq^Eq) (see Example I2.27p . We claim that it also defines an assignment of closed sets 
over (iVo,£^o)> say 

that we call an embedded basic object in the tame case: If Yq C Fq = Sing( Jq, b) C Wq is permissible 
for Bq, then the same Yq defines (A'o, Eq) < — {Ni,El) (due to the condition Eq = Eq fh Wq, which 
ensures that Yi has normal crossing with Eq). 

This defines a transform of Bq, say Bi = (Wi, {Ji,b), Ei), a closed immersion Wi C A''!, and 
again Ei = E'( rh Wi. 

On the other hand, a smooth morphism (Nq,Eq) i — {Ni,El) induces: 

^qn9>, ("^o,^) (^1,^) 

^ ' {Wo,Eo) ^ {Wi,E,) 

also smooth, where Wi is the pull-back of Wq in A'^i. Moreover, Ei = E'^ rti Wi as before. 

3.12. Embedded basic objects: the non-tame case. 

We generalize now the setting in 13.111 Consider 

• (A'^o, Eq) with Eq = {E'q)'^ U {Eq)~ (a partition of Eq as a disjoint union). 

• A closed immersion Wq C A^o and {Wq^Eq) where £"0 = {Eq)^ iti Wq. 

• A basic object Bq = {Wq, {Jo,b),Eo) (seelO). 

So we assume here that Eq = Wq iti {Eq)~^ (|3.11.ip . but we know nothing about the intersection 
of hypersurfaces of (Eq)" with Wq. If (Eq)^ = 0, or if hypersurfaces of {Eq)~ do not intersect 
Fq = Sing(Jo.6), then we are back to the case in 13.111 (in the tame case). 

If Yq C Fq = Sing(Jo,6) C Wq , and if Yq has normal crossings with Eq (in A'^o), then it has 
normal crossings with £"0 (in Wq), and defines a transformation of Bq, say Bi, and 

/oi9T>, iJo,b) (Ji,6) 

^ ' {Wq,Eq) ^ {Wi,Ei). 

We define now an assignment of closed sets 

iF',iNQ,E'Q)), 

(an embedded basic object) which will rely on the three previous conditions: on the partition of 
Eq, on Bq = (Wq, ( Jo, 6), -Eq), and on the embedding Wq C Nq. 

A) If Yq C Fq = Sing( Jo, b) C Wq, and if Yq has normal crossings with Eq (in A^'o), then set 

(3.12.2) Fo = Sing(Jo, b) Fi = Sing(Ji, 6) 

{Nq,E'q)^ {N,,E[) 

and define a partition 

E[ = {E[)+ U {E[)- 

where {E[)~ consists of the strict transform of hypersurfaces in (Eq)~ , and {E[)~^ consists of the 
strict transform of hypersurfaces in (Fq)^ together with the new exceptional hypersurface. Note 
that El = {E[)+ (h Wi. 

B) If {Nq,Eq) i — {Ni,E[) is obtained from a smooth morphism, then set 

. {Ni,E[) with E[ = {E[)+ U {E[)-, 

• 1^1 C A^i and {Wi,Ei) where Ei = {E[)+ rti Wi, 

• a basic object Bi = iWi, (Ji, b), Ei), 

simply by taking pull-backs. 
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Definition 3.13. A) Fix, as above, {No,E'q) together with a partition E'q = {E'q)+ U {E'^y 
(disjoint union). An assignment {J^, {Nq, E'q)) is said to be an embedded general basic object of 
dimension d if there is a cover of A^Oi say {U\}, and for each restriction 

{{T)u„iUx,{E'o)x)) and (E',) x = {E',)^ U (E'^y, 

there is a closed smooth d-dimensional subscheme U\ of Ux, and a basic object 

Bx = {Ux,{Jx,bx),(E'o)x), 

where {E ''^)^ = E'q rtl Ux so that the conditions in [XT2] holds. Namely that {{T)u^, {Ux, {E'q)x)) 

is the assignment of closed sets defined, as above, by the partition {Eq)x = (^o)a (^o)a ^^'^ 

B) Fix {T, {Nq,Eq)) as in A), and let Fq be the closed set assigned to (A'^O) -E-q)- Then {T, {Nq,Eq)) 
is a tamely embedded general basic object, or simply a tame general basic object, if no hypersurface 
of (E'^y intersects Fq (e.g., if {E'^y = 0). 

The following Theorem of Hironaka, which is an extension of Theorem I2.22^ will allow us to 
define Hironaka's functions on general basic objects. 

Theorem 3.14. Fix {No,Eq), and E'q = (E'^y U {EQy (disjoint union). Assume that: 

(1) there are closed smooth subschemes of Nq, say Wq and Vq. 

(2) there are basic objects (Wq, (Jq, 6), ii^'g )) (where e'q = (E'^y (hWo) and {Vq, {Kq, d), f'q )) 

(where F q = {E'oy rtl VqJ defining assignments of closed sets over {No,E'q) as in \3.12[ 

If dim Wo=dim Vq, and if both assignments of closed sets over (Nq,Eq) coincide (i.e., define 
the same closed sets), then 

b ~ d 

at any x € Sing(Jo, b) = Sing(i^Oi d)- 

Remark 3.15. Note that Remark 13.71 extends to this context: 

1) The transform of an embedded general basic object is an embedded general basic object. 

2) If Fq C Wq C Nq \s the closed set assigned by the d-dimensional general basic object 
{F, {Nq, Eq)), then there is a function ord'' : Fq — > Q defined by patching ord^^ : Sing( J;^, bx) — > Q. 

Also CoroUarv 13.81 extends word by word. 

The last reformulation of Hironaka's Theorem 13.91 can now be strengthen as follows: 

Theorem 3.16. ([14:], Prop 11.4) Fix Xq C Nq and {Nq,Eq). Set h = maxHSxo- The assignment 
of closed sets {F{h), (Wq,Eq)) defined by Xq and h in Example \2.39\. is an embedded general basic 
object of dimension d, where d is dimension of Xq locally at all closed point of its highest Hilbert- 
Samuel stratum. 

4. The ingredients for Constructive Resolution 

4.1. In this section we aim to define a set T and the function g, with values at T, leading to the 
constructive resolution of basic objects as was stated in 12.81 

Recall that a basic object was defined by Bq = {Wq, {jQ,b), Eq), where Jq C Owq is a non-zero 
ideal, 6 is a positive integer and Eq = {Hi, . . . Hg} are smooth hypersurfaces in Wq with only normal 
crossings. So ( Jo)^ 7^ for any ^ G Wq. The singular locus is the closed set Fq = Sing( Jq, 6) = € 

Wq I J^^{Jq) >b}C Wq. 

A center Yq is said to be permissible for the basic object if Yq is permissible for {Wq, Eq) (see l2.2p 

and Yq C Fq. Let Wq < — Wi be the blow-up with center Yq, and denote by Hs+i the exceptional 
hypersurface. Assume that Yq is irreducible with generic point yo (^ Sing( Jq) b)). There is an ideal 
Ji C Owi such that JqOwi = I{Hs+i)^^ Ji where ci = Vy^JQ) > b. 
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We fix on Ji the factorization 

(4.1.1) ji = liHs+ir-'Ji 

and set 



(4.1.2) 



(Jo, 6) (Ji,6) 
{Wo,Eo) ^ {Wi,Ei) 

as tlie transformation of the basic object. Here Ei = {H[, . . . H'g, Hg^i}, and H- is the strict 
transform of Hi, for 1 < i < s. To ease the notation we write Ei = {Hi, . . . Hs, Hs+i}. 

The value ^^lo^lL(^= ord(yo)) depends only on the weak equivalence class of Bq and so does 

ci-b lyyoiJo) ^ A^ \ -t 
— — = 1 = ord(yo) - 1. 

Note also that ci — 6 is the highest exponent of /(-ff^+i) that one can factor of Ji in (|4.1.1|) . 
Consider now a sequence of transformations of basic objects: 

(Jo, 6) (Ji,6) iJr,b) 

iWo,Eo) ^ {Wi,Ei) ^ ... {Wr,Er) 

with irreducible centers Yi-i. For each index i we fix a factorization 

(4.1.4) J, = I{Hs+ir ■ ■■I{Hs+i)''^Ji 
so that 

(4.1.5) ^ = ord(yj_i) - 1, 

where Vj-i denotes the generic point of l^-i C Wj-i. Note that aj is the highest power of the 
ideal I{Hs+j) that divides Ji, so this factorization is unique. 

4.2. Recall that a sequence (|4.1.3p is said to be a resolution of Bq = {Wq, (Jo, b),Eo) if Sing( J^, 6) = 
()2.7.3p . A resolution involves only blow-ups but we will also take into account smooth morphisms. 
These auxiliary morphisms appear in the proof of Theorem 12 . 2 1 1 (see 16 . 1 p . From the point of view of 
constructive resolution it is natural to consider upper semi-continuous functions which are defined 
up to weak equivalence. 

Definition 4.3. If 

(A-y-i^ iJk,b) (Jfc+1,5) 

^ ' {Wk,Ek) ^ {Wk+i,Ek+i) 

is given by a smooth morphism, lift together with its factorization in (j4.1.4p . and set 
(4.3.2) Jfc+i = I{Hs+ir ■ ■ ■ HHs+kr JkOw,+, 

by taking pull back on the previous data. 

This definition allows us to extend expressions ()4.1.4p to local sequences (Definition I2.13P . Fur- 
thermore, Corollary 12.221 ensures also that is determined by the weak equivalence class of 
{Wq, (Jo, b), Eq). Note also that aj is the highest power of I{Hs+j) that divides Jj. 

Definition 4.4. For any local sequence, say 

(AA^\ ('^o,b) (Ji,6) {Jr,b) 

^ ' {Wo,Eo) ^ {Wi,Ei) ^ ... ^ {Wr,Er) 

and any index i, we have fixed an expression of Jj in ()4.1.4p . We now define functions 
w-ordi : Sing( J„ 6) ^ C Q, w-ordi(0 = 



SOME NATURAL PROPERTIES OF CONSTRUCTIVE RESOLUTION OF SINGULARITIES 25 



and ordi : Sing(Ji,6) — > ]-Z C Q, ordi{^) - '^^^'^'^ 



6 .v.. ^ 

The second is Hironaka's function ord (see ()2.21.ip ). This defines two different assignments of 
functions (see Definition I2.32|) . and both depend only on the weak equivalence class of Bq = 
(Wo, (Jo, b), Eq). Note that for i = 0, w-ordo = ordo- 

Remark 4.5. Constructive resolution of singularities is built around Hironaka's function ord. We 
argue by looking at the rational numbers in ()4.1.5|) . and the new function w-ord. Note that 

w-ordi(0 = ordi(0 - J2 ~i 

for ^ G Sing(Jj,6), and that the right hand side is expressed in terms of Hironaka's function. In 
fact, each rational number is defined in terms of Hironaka's functions (see (|4.1.5p ). and hence 
every ^ depends only on the weak equivalence class of Bq = (PVo, {Jo,b), Eq). The function w-ordj 
is one of the so called satellite functions, as it is expressed entirely in terms of the function ord. 

If Bq = (Wo, {Jo,b), Eq) is replaced by a weakly equivalent (Wo,{KQ,d), Eq), the invariants 
introduced here do not distinguish them. This is a good starting point in the search of invariants 
for constructive resolution. 

Note finally that if a : Wq — > Wq is smooth, then successive pull-backs applied to ()4.4.ip will 
define a local sequence of {Wq, ( Jq, 6), E'q) (the pull-back of {Wq, (Jo, b), Eq)), say 

iJo,b) (J{,6) (j;,6) 

^ ' iw^,K) ^ iwi,E[) ^ ... ^ (w;,i?;), 

and smooth morphisms fij : Smg{J'-,b) — > Sing(Jj,6). It follows from ()4.3.2p that 
(4.5.2) w-ordi(ai(e)) = w-ord, (0 

for any ^ E Smg{J-,b), and that also the rational numbers ^ coincide (at the pull-back). 

Remark 4.6. (Non-increasing property). It is easy to check that if Wi-i Wi in ()4.4.ip is 

obtained by blowing up Yi-i C Max w-ordi_i C Sing( Jj_i, 6), then 

(4.6.1) w-ordi_i(7ri_i(^i)) > w-ordj(^i) 

for any G Sing(Jj,6). So if C Max w-ord,;_i for any index i for which VFj-i < — Wi is a 
blow-up with center Yi-i, then 

(4.6.2) max w-ordo > • • • > maxw-ord,. 

Corollary 4.7. Fix a basic object Bq = {Wq, (Jo, 6), Eq) and consider the assignment of closed sets 
{Fbi (WoiEo)) in Example \2.27\ Namely, for any local sequence as in \2.13.1\) set 

(4.7.1) Fo = Sing(Jo,6) Fi = Sing(Ji, 5) = Sing( J,, 6) 

(Wo, Fo) (Wi, Fi) ^ ^ {Wr, Er), 

and define functions 

w-ordj : Fj — > Q for < i < r. 

Then: 

(1) This defines an assignment of closed sets and functions which is non-increasing \2.35\) . 

(2) This assignment is independent of the weak equivalence class of Bq = (Wq, (Jq, b), Eq) (i.e., 
if Bq = (Wo, (Jo, ft), Fo) and Bq = {Wo,{KQ,d),EQ) are weakly equivalent, they both define 
the same assignment of closed sets and functions). 
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Remark 4.8. The functions w-ord are defined in terms of the functions order, and satisfies the 
condition of our Handy Lemma 12.371 In particular, the inequalities ()4.6.2p are as in Remark 12.361 
This is our second example of an assignment of closed sets and functions with the non-increasing 
property in Definition 12.351 (see also Example I2.34p . 

Remark 4.9. (Strategy for resolution of basic objects). 

Fix a basic object Bq = (Wq, {Jo,b), Eq) and a sequence ()4.7.ip : note that for each index k 

(0 < < r), maxw-ordfc G — Z. We shall indicate below that if maxw-ord^ = in ()4.6.2p then it 

is simple to "extend" ()4.7.ip to a resolution. A resolution of a basic object involves only blow-ups. 
Consider a sequence of blow-ups 

(4.9.1) (Jo, 6) (Ji,6) {Jr,b) 

Try,, Try- ""y,--! 
{Wo, Eo) — {Wi,Ei) {Wr, Er) 

with centers Yi C Max w-ord,- for all index i. So 

(4.9.2) maxw-ordo > • • • > maxw-ord^ (as in (|4.6.2p ). 

As maxw-ordfc € — Z, in order to define a resolution of the basic object it would be enough to have 
b 

a procedure of choosing centers Yi so that we may extend (j4.9.ip in such a way that 

maxw-ordo > • • • > max w-ord,. = • • • = maxw-ord/j_i > maxw-ord^j, 

for some index R>r. In fact, this would lead ultimately to the case maxw-ord^j = 0. 
If maxw-ordr = 0, then = the factorization of Jr presented in (|4.1.4p . so 



(4.9.3) Jr = I{Hs+iT'---I{Hs+r) 

(in a neighborhood of Sing(Jr, b)). In this case it is simple to define a totally ordered set F, and an 
upper semi-continuous function 

(4.9.4) /i,. : Sing(J^,6) ^r, 
defined entirely in terms of the rational numbers 

(4.9.5) ^ for l<i<r 
so that ()4.9.ip can be extended to a resolution, say 

(4.9.6) {Jr,b) iJr+i,b) iJN,b) 

{Wr,Er) {Wr+l,Er+l) ^ {Wn , En) 



by setting = Max hr+j for r < r + j < N (see [20] ) . 

So the real difficulty, at least for the construction of a resolution of a basic objects Bq = 
{Wo, {Jo, b), Eo), is to construct a sequence ()4.9.ip so as to come to the case maxw-ordfc = 0. 

We now introduce a function, called the "inductive function" as it is the key for inductive 
arguments in resolution of basic objects. It will takes values at Q x Z, which will be ordered 
lexicographically. 



Definition 4.10. Fix a basic object Bo = {Wo, {Jo, b), Eo) and a local sequence as in Remark 14.61 
say 

(4.10.1) (Jo, 6) (Ji,6) {Jr,b) 

{Wo,Eo) — {Wi,Ei) — {Wr,Er) 

with centers Yi C Max w-ord,- for all i for which Wi ^ Wi^i is a blow-up. So 

(4.10.2) maxw-ordo > • • • > maxw-ord,. (see ()4.6.2p ). 



SOME NATURAL PROPERTIES OF CONSTRUCTIVE RESOLUTION OF SINGULARITIES 



27 



Set dr = dim Wr and let sq be the smallest index so that 

(4.10.3) maxw-ordso_i > maxw-ord^o = • • • = maxw-ord,- 

(so So = if max w-ordo = • • • = max w-ord^). Set Ej- = £"+ U E~ , where E~ are the hypersurfaces 
of Er which are the strict transforms of hypersurfaces of E^^ (and pull-backs if smooth morphisms 
appear in the sequence). If maxw-ord^ 7^ define 

4'^'') : Smg{Jr,b) — > (Q x Z, <) (lexicographic order) 

tK)(^) = („d,(0,n,(C)), 

..rhar^ £ Er \ C H} if w-ordr(0 < maxw-ord^ 

wnere n.^^j - | ^ e- \ ( e H} if w-ord,(e) = maxw-ord^ 

In the same way we define functions t^'^^f^^ • • • ' ^io'^'^''^- 

We shall later study in 14.211 the role of this function when constructing resolutions of basic 
objects. However, the setting of interest here is not only that of basic objects, but also that of 
basic objects with closed immersions of smooth schemes Wq C Nq, which we discuss below. 

4.11. Immersions in the tame case (1). 

A closer look at the setting in 13.111 is necessary for a better comprehension of our further discus- 
sion. Fix Bq = (Wq, ( Jo, 6), -Eq), and assume now that: 

• Wq is a (smooth) closed subscheme in a smooth scheme A^'o, say Wq C Nq. 

• There is a set Eq of hypersurfaces with normal crossings in Nq, and Eq = Eq iti Wq (see 

dSHU)). 

Let (J-", {Nq,Eq)) denote the assignment of closed sets defined over {Nq,Eq) by the previous data. 
The condition £^0 = Eq iti Wq ensures that any sequence of blow-ups, say 

,,,,,, iJo,b) {Ji,b) {Jk,b) 

(4.11.1) Try. Try, TTyi. , 

{Wo,Eo) ^ (T^i,i?i) ^ ••• {Wk,Ek), 
induces a sequence of blow-ups 

(4.11.2) (^No,E'^) ^ {N,,E'I) ^ ... {N,,E'^), 

where Wk is closed in N^, and Ek is defined by restricting to Wk the hypersurfaces of E'j^. 

4.12. In Def l2.14l two basic objects Bq = {Wq, (Jo,6),£'o), and B'q = (Wq, {Ko,d),Eo) are said to 
be weakly equivalent when they define the same closed sets for any local sequence. On the other 
hand, the notion of local sequence in Def 12. 131 makes use of two kinds of transformations, namely: 
A) defined by monoidal transformation, B) those defined by a smooth morphism. 

It is natural to ask if it suffices to check weak equivalence of Bq and Bi , by checking the equality 
of closed sets in Def 12.141 for a certain subclass of local sequences. It can be proved that this is in 
fact the case. It suffices to consider local sequences where transformations of type B), defined by a 
smooth morphism Cj : Wj+i — > Wi, a are restricted to the following two cases: 

• Wi+i = X Wj, and is the projection on the first coordinate. 

• Wi+i is an open subset of Wi and is the inclusion. 

This fact is well know (see e.g. |13j). So throughout this paper one could also have consider only 
smooth maps of these two prescribed forms. We will not use this fact in this presentation. 

4.13. Immersions in the tame case (2). Neglecting the ambient space. 

In l4.11l onlv blow-ups were considered. If {Nq,Eq) i — [Ni,E'l) is now the pull-back defined by 
a smooth morphism, then the inclusion Wq C Ao can be lifted to Wi C Ai. Moreover, this gives 
rise to a smooth morphism {Wq,Eq) i — {Wi,Ei), and Ei = E'{ iti Wi. But, unfortunately, not 
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every smooth morphism {WqjEq) i — [Wi,Ei) arises from one over {Nq,Eq). The claim is clearly 
true if we consider smooth morphism as in 14.121 and if the reader is willing to accept the statement 
therein, then Prop HTT^ below, is easy to check, and Lemma 14.151 is avoidable. 

Firstly we show that if the basic objects Bi = (Wq, {Jo,b), Eq) and B2 = {Wq, {Kq, d), Eq) are 
weakly equivalent, then they both define the same assignment of closed sets, say {T, {Nq, Eq)), (see 
14. lip . Fix (J^, {Nq,Eq)), and the notation as in Definition \2.2lj\ and set 

(4 13 1) ^0 ^1 

a sequence of blow-ups and smooth morphisms for which closed sets are assigned. This induces 

(same Fi), where 

(1) Wi is a (closed) smooth subscheme in Ni. 

(2) Fi = SmgiJi,b). 

So ()4.13.ip induces ()4.13.2p . and ()4.13.2p is a local sequence of the basic object Bi = {Wq, {Jq, b), Eq 
Thus, if Bi and B2 are weakly equivalent they both define the same {T, {Nq,Eq)). 

Secondly, we claim that the converse holds, namely that Bi and B2 must be weakly equivalent if 
they both define {J-, {Nq,Eq)). This converse will be essential for some inductive arguments that 
we will be used later. Recall that basic objects are to be considered up to weak equivalence. 

The difficulty in proving this converse, addressed in Proposition 14.141 is that it is not clear 
that any local sequence of Bi = (Wq, (Jo,6),£'o) will arise in this way (from a local sequence over 
{Nq,Eq)). In fact, given an immersion Wi C Ni, and a smooth morphism Wi < — Wj+i, it is 
not clear that there will be a smooth morphism Ni i — A^i+i inducing the latter. For this reason 
it could be expected that two basic objects, say {Wq, {Jo,b),Eo) and {Wq, {Ko,d), Eq), define the 
same {J-,{Nq,Eq)) without being weakly equivalent. The following Proposition 14.141 settles this 
point. Moreover, it says that the ambient space Nq, in which Wq is included, can be neglected for 
the purpose of resolution. 

Proposition 4.14. Fix {No,Eq) and (1^0,^0) as above, so Eq = Eq rti Wq as in 113.11.1]) . 

(1) Two basic objects Bi = {Wq, {Jq, b), Eq) and B2 = {Wq, {KQ,d),EQ), define the same assign- 
ment of closed sets over {Nq, Eq) if and only if they are weakly equivalent. 

(2) Neglecting the ambient space: A resolution of the basic object {Wq, {Jo,b), Eq) defines 
a resolution of {F , {Nq , Eq)) (see Definition[Kl 



Proof. Suppose Bi and B2 are not weakly equivalent. There must be an index r > 0, and a common 
local sequence for both, say 



(4.14.1) 



{jQ,d) {Ji,d) {Jr,d) 



^Wo,Eq) ^ {W{,E,) ^ ... ^ {w;,Er 

and 



(4.14.2) 



{KQ,d) {Ki,d) {Kr,d) 



{Wo,Eq) ^ {W[,E,) ^ ... ^ {w;,Er 



so that Sing( J^, 6) Sing(i^^, d) in W/. (Take r = if Sing( Jq, b) Sing(iv:o, d)). 

If all ji are blow-ups, then the discussion in 14.111 says that this sequence can be lifted to a 
sequence over {Nq,Eq), and this is a contradiction as we assume that both Bi and B2 define the 
same assignment over {Nq,Eq). The problem arises if, for some index i, ji is smooth. 

Fix a point Xr G W^' so that Sing( J^, b) 7^ Smg{Kr, d) locally at Xj.. Let Xi G Wl denote the image 
of Xr for each index < i < r — 1. There is no harm in modifying this sequence by restrictions 
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to neighborhoods of xi. If one could hft this restricted sequence to a sequence over {Nq,Eq), this 
would also lead to a contradiction, as Smg{Jr,b) ^ Smg{Kr,d) locally at Xr- 

The following Lemma ensures that such restriction can be defined, by replacing Wi by an etale 
neighborhood of Xj (say Wi again), so that it can be lifted to a sequence over {Nq,Eq). This also 
leads to a contradiction as Sing(Jr,6) 7^ Smg{Kr, d) at an etale neighborhood of Xr- It suffices to 
treat the case in which Sing( Jj, b) = Sing(Xj, d) locally at Xj, for each index < i < r — 1. 

Part (2) follows fromSm O 

Lemma 4.15. Fix a closed immersion of smooth schemes W C N , a smooth morphism W < — Wi 
and a closed point xi G Wi. After restriction to a suitable etale neighborhood of xi £ Wi, we may 

assume that there is a smooth morphism N -f^ A^i, so that Wi = A~^(W){c Ni), and 7 is defined 
by restriction of A to Wi. 

Proof. Recall the characterization of smooth morphisms. In this case, if n denotes the dimension 
of the fiber of W -f^ Wi locally at xi, then (VFi, xi) is an etale neighborhood of (x, O) in x A" 
(x = 7(xi)). There is a natural lifting of the inclusion C to V7 x A" C x A". 

An etale neighborhood of x A" at (x, O) induces, by taking the pull-back of the inclusion, 
an etale neighborhood ol W x A" at (x,0). It suffices to show that this induced neighborhood 
can be defined so as to dominate (VFi,xi). In other words, fix an inclusion of smooth schemes, 
say Zi C Z2, a closed point x G Zi, and an etale neighborhood {Z[,x') of {Zi,x). It remains 
to prove that there is a etale neighborhood (Z2,x), which induces on the subscheme Zi an etale 
neighborhood that dominates {Z[,x'). To prove this last claim make use of a well known property 
of etale topology for schemes over perfect fields: given smooth scheme and a closed immersion, as 
is the case for Zi C Z2 (locally at x), after restriction to a suitable etale neighborhood of {Z2,x), 
there is a retraction of Z2 on the restriction of Zi (see, e.g. [H]). Note that if Zi C Z2 admits a 
retraction, say Z2 Zi, then the fiber product with an etale morphism Z[ — )■ Zi define a scheme 
with an etale morphism over Z2 that fulfills the required condition. O 

4.16. Functions on embedded basic objects (non-tame case). 

Set (A'^o, E'q), and consider, as in l3.12l the assignment of closed sets on {Nq, E'q) defined by a closed 
immersion Wq C A'q, a partition E'q = {Eq)~^ U (E'q)^ , and a basic object Bq = {Wq, {Jo,b), Eq) 
where Eq is defined by restriction to Wq of hypersurfaces in (E'q)^ (namely, Eq = {E'q)~^ rtl Wq as 
in (j3.11.ip ). Let {T, {Nq,Eq)) be the assignment defined in this way. 

Assumption 1: Suppose that (J^, {Nq,E'q)) assigns closed sets to the local sequence 

(4.16.1) (No, E'q) ^ {Ni,E',) ^ ■■■ ^ {Nk,E',). 

In such a case this sequence induces a local sequence over Bq, say 

(A^f.'}\ ^•^o,b) (Ji,6) iJk,b) 

^ ' {Wo,Eq) ^ iWi^E,) ^ ■■■ ^ {Wu.Ek), 

where 

(A-^a-yx (Ji^b) iJi+i,b) 

^ ' {W,,E,) ^ (VFm,^^+i) 

is obtained by a pull-back if {Ni, £"•) i — (A^j+i, -E'i+i) given by a smooth morphism, or ()4.16.3p 
is a blow-up with a center Yi with normal crossings with in Ni (in particular with Ei in Wi); 
and of course the closed sets assigned to (|4.16.ip are Fi = Sing( Jj, b), i = 0, . . . , k. 
Assumption 2: Suppose that Yi C Max w-ord, for each index i for which (Ni, £"•) i — (NiJ^^i, E'^^i) 
is a blow-up. According to (j4.6.2p . this second assumption ensures that 

max w-ordo > • • • > max w-ord^ . 
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Definition 4.17. Set E'f^ = (-E')fc '-' i^')k ' '^here consists of all hyper surf aces of E"^ which 

are strict transforms of hypersurfaces of {Eq)~ . Set dk = diml^fc and define 

t{em)^^'^^ : Sing(Jfc,6) — y (Q x Z, <) (lexicographic order) 

t{em)^^'\0 = (w-ordfc(0,n(em),(e)), 

n{em),iO = #{HG{E'),\^eH} 

for ^ € Sing(J/c,6). In the same way we define functions f(em)^'^j^^\ t(em)[.'^2 . . . ,t{em)lf°\ 

Corollary 4.18. Let {Tq, (Nq, E'q)) be defined by Bq = {Wo,{Jo,b),EQ), and by {No,Eq) with a 
partition E'q = {E'q)^ U {Eq)~ , as in \4.16\ Consider all local sequences 

(4.18.1) Fo = Sing(Jo,6) Fi = Sing( Ji, 6) i^, = Sing( J,, 6) 
{No, E'o) ^ {Ni,E[) ^ ^ {Nr,E',) 

with Yi C Max w-ord,- whenever Wi i — Wj+i is a blow-up with center Yi; and the functions 
t{em)i : Fi — >QxZ 0<i<r. Then: 

(1) This defines an assignment of closed sets and functions which are non-increasing (see Defi- 
nition [273^) . Namely, ifYi C Max t(em),;(c Max w-ord,;), thent{em)i^i[TTi{x)) >t{em)i{x) 
for any x € Sing(Jj, b). 

(2) This assignment depends only on the weak equivalence class of Bq = (Wq, (Jo,6),£'o)- 
In particular, it follows that 

maxt(em)o > • • • > maxt(em),., 
ifYi C Max t(em)j for every index i for which Ni ^ Nij^i is defined with center Yi. 

Remark 4.19. A similar statement as that in Corollary 14.181 holds for the functions tj in I4.1UI 
defined for a basic object Bq = {Wq, {Jo,b), Eq), and setting {Tb^, (Wq, Eq)) as in Example 12.271 
and a sequence (|4.1U.ip . Note that the functions t are defined in terms of the functions order, and 
that 

(4.19.1) maxto > • • • > maxtj, 

holds for a sequence satisfying the conditions of Definition 12.351 (see Remark I2.36P . 

4.20. Our Handy Lemma 12.371 and Corollary 14.181 (2), say that one can attach to the maximum 
yalue maxt(em)o an assignment of closed sets. Say (J-o(maxt(em)o), {Nq,Eq)). 

Similarly, the Handy Lemma and 14. 191 also say that one can attach to the maximum yalue max to 
an assignment of closed sets. Say {J^Boi^^^to)^ iWo,Eo)). 

Let us emphasize here that maxt(em) = (j?, g) G Q x N can haye first coordinate p = (as 
opposed to maxt = {p, q), defined with p > in I4.10p . 

Remark 4.21. On the inductive nature of the function t^'^K 

The inductiye functions t^'^^ were defined in Definition 14.101 for basic objects. Theorem 14.221 will 
show how these functions lead to a unique resolution by induction on the dimension d. 

One can check that a basic object Bq = (Wq, (Jo,6),£'o) is, in particular, a tame general basic 
object by setting A'o = Wq and E'q = Eq in Definition 13. 131 B). We shall ultimately show, in Section 
5, that the inductiye functions t^^^ can also be defined in the context of tame general basic objects. 
Moreover, the form of induction on d, given in Theorem 14.221 is defined in terms of general basic 
objects (of smaller dimension) which are also tame. 

This will ultimately lead to Theorem I4.26t which ensure that the functions t^*^^ define, by in- 
duction, a unique resolution for general basic objects which are tame. In particular they define 
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resolutions for basic objects, and here we discuss why these functions lead to this particular strategy 
of resolution, starting with a basic object. Fix Bq = {Wq, ( Jq, b), Eq) and a sequence of blow-ups 

(4.21.1) (Jo, 6) (Ji,6) (J,, 6) 

{Wo, Eo) ^ (T^i, Si) ■ ■ ■ {Wr, Er) 

with centers Yi C Max w-ord,- for all index i. So maxw-ordo > ■ ■ ■ > maxw-ord^ (see ()4.6.2p ). 

As was indicated in Remark 14.91 in order to achieve a resolution of Bq it suffices to construct the 
sequence so that maxw-ord^ = 0. So if maxw-ordr = we are done. Suppose in what follows that 
maxw-ordr ^ 0. Let us indicate why a sequence with this condition can be constructed in terms 
of the functions ti'^^ : Sing(Jr,6) — > (Q x Z,<) (lexicographic order) [d = dimWo). Recall that 

ti^^ is defined under the assumption that maxw-ordj. / 0, and the second coordinate is bounded 
by the dimension d. In particular maxt^ = {p,q), p ^ 0, p ^ ^N, and q is bounded by d. 

1) Canonical choice of centers. Note that Max tj'^^ is a closed set in Wr- Let i?(l)(Maxtr'^^) 
denote the union of components of the closed set Max tj^^ of codimension one (in Wr). Then 
R(l)(Maxti'^^) is both open and closed in Max tj'^^ . After open restriction we may assume that 
R(l)( Ma.x tr) = Max tr ■ The property is that R(l)( Max tr) is a smooth permissible center, and 
setting Yr = i?(l)(Max tr), we get 



(4.21.2) 



{Jo,b) (Ji,6) (J„6) {Jr+i,b) 

{Wo,Eo) ^ {Wi,E,) ^ ... {Wr,Er) ^ {Wr+l,Er+,) 



and maxtr > maxt^+i- This shows that i?(l)(Max t,.) is our canonical choice of center, and reduces 
the problem to the case i?(l)(Max t,.) = 0- 

2) The case max 

f{d) ^ R(l)( Max ti!^^) = 0. According to lOOl one can attach to 

the maximum value, say maxt^, an assignment of closed sets; say (J>(maxtr), iWr,Er)), and the 
property is that this assignment can be endowed with a structure of a tame [d — l)-dimensional 

general basic object over {Wr,E''r'^), for a suitable subset E^^ C Er- 

Theorem 4.22. (Inductive property of t'^'^\) Set Br = {Wr, {Jr,b),Er) as above and d = dimW^- 
If Max tr has no component of dimension d—1 (i.e., if R(l)( Max ti'^^) = then the assignment 
of closed sets (J>(maxtr), (^r, -E-r)) is equivalent to a tamely embedded general basic object of 
dimension d—1, defined over {Wr,E^^), in terms of a suitable basic object {Wr, {Dr,b), Ej^^). 



Proof. We refer to Lemma 6.12 in [20] for details and a precise statement. First set sq as in ()4.10.3p . 
and let eI^^ be the set of exceptional hypersurfaces that arise by blowing up at Ysq, Ysg+i, . . . , Y^-i- 
We attach a basic object {Wr, {Dr , b) , eI-^^ ) (a so called simple basic object) which in turn gives rise 
to a d — 1-dimensional tame general basic object over {Wr, Er^^). This d — 1-dimensional structure 
is defined by local restrictions to smooth hypersurfaces of maximal contact. O 



In particular, if we assume by induction, the existence of resolutions for tame general basic 
objects of dimension d — 1, then there is an integer R > r, and a sequence 

(J0,6) {Jl,b) {Jr,b) {Jr+l,b) 

(4.22.1) Try., Try-, TTy TTy 

{Wo,Eo) ^ {WuE,) ^ ... {Wr,Er) ^ ... {WR,En) 

so that {p,q) = maxtr'^^ = maxt^'^-j^ = . . . = maxt^^^ > maxt^^\ 
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As p € -Z, and g is a positive integer bounded by d, at some point the value p must drop. So 
b 

by successive applications of this method we finally come to the case in which maxw-ord/j = 0, as 
was required. 

4.23. As for the uniqueness of the resolution of Bq = {Wq, {Jo,b), Eq), recall that if we choose 
centers Yi C Max tf^^ , then max to > max ti > • • • > max tr (Remark I4.19P . Set tq as the small- 
est index for which maxt^g = maxtro+i = ••• = maxt,., and apply Theorem 14.221 at tq, which 
states that ( J>p (max t ) , (Wroi-^ro)) is equivalent to a tame assignment of dimension d — 1 over 

So far we have discussed matters over the basic object Bq = (Wq, {Jo,b), Eq), but the same 
applies for a tamely embedded basic object, say {J^Boj i^Oj^o)) defined by Bq = {Wq, {jQ,b),EQ), 
and {Nq,Eq), as in 14.111 Recall that a sequence (|4.11.ip induces a sequence (|4.11.2|) 

We can reformulate Theorem 14.221 bv: 

Theorem 4.24. (Inductive property of t^'^^ for tamely embedded basic objects.) Set {Tbq, {Nq,Eq)), 
Bq, r and vq as above. Set Br = {Wr, {Jr,b),Er) and d = dim W^- If Max tj'^^ has no component of 
dimension d—1, then the assignment of closed sets ( J> (max t^-'^'* ) , (Nr,E'j!)) is equivalent to a tamely 
embedded general basic object of dimension d—l, defined over {Nr,{E';Y^^), where {E';)(^^ are the 
hypersurfaces of E" that arise by blowing up at Yg^^, Yg^^+i,. . . , Yj—i, and sq is as in ^.10.3^ . 

4.25. The definition of the inductive functions t^'^^ for tamely embedded general basic objects, to 
be discussed Section 5, will be done by patching the functions on the d-dimension basic objects 
involved in Definition 13.131 B). Once this point is settled, the Theorem will be: 

Theorem 4.26. (Inductive property of t^'^^ for tamely embedded general basic objects). Let 
{J-,{Nr,Er)) be a tamely embedded general basic object of dimension d (see Definition \3.13\) . If 
Max tj^^ has no component of dimension d—l then ( /"(max t^'^'' ) , {Nr,Er)) is d — 1-dimensional 
and tamely embedded over {Nr,E'j.), where £"', is a suitable subset of E^. 



4.27. On the role of the function t{em)^'^\ 

The functions t(em)^'^^ where defined in Definition 14.171 only for embedded basic objects of 
dimension d (for the non-tame case). These are, in particular, general basic objects (|3.13|) . In 
Section 5, we also prove that the functions t{em)^^^ can be defined for any d-dimensional general 
basic object. We shall also indicate why these functions are well adapted to the Hilbert-Samuel 
stratification and particularly with Theorem 13.161 They will enable us to reduce the resolution of a 
d-dimensional general basic object to that of resolution of a tame general basic object of the same 
dimension d. The latter will be guaranteed by the inductive function t^'^\ 

In this section we explain why this property will hold by studying the functions t{em)^'^^ in the 
(restricted) context of embedded basic objects. 

4.28. Let (/"e, {Nq,E'q)) be the assignment defined by a basic object Bq = {Wq, {Jo,b),EQ), and 
by {Nq,E'q) with a partition E'q = (Eq)^ U [E'q)~ . Consider assignments over {Nq,E'q) defined by 
{J^Bo,iNo,E'o)), say 

(4.28.1) Fo = Sing(Jo,6) Fi = Sing( Ji, 6) = Sing(J„6) 

(A^o, E'o) ^ {Ni,E[) ^ ^ {Nr,E',) 

with Yi C Max t(em)i for each i for which Wi < — I^i+i is defined with center Yi. Set 

Br = {Wr,{Jr,b),Er), 

where Wr C Nr, and E'^. = (F^)+ U (F^)" as in Definition KT7\ In particular, Er = Wr (F^)+. 
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max. t{em)'^^ > ■ ■ ■ > maxt(em)^'^^ (see Corollary I4.18P 



In this setting 

and the Handy Lemma says that a new assignment {Tr {laiayi t {em)i^^ ), {Nr, E'j,)) is defined for 
{J^BrA^r, K)) with the previous partition E'^ = {E'j.)+ U iE'^)~ . 

The closed set assigned by (J>(maxt(em)r'^^), {Nr, E'^)) to {N.^, E[.) is Max t(emll'^\ To ease the 
notation assume that ()4.28.ip is a sequence of blow-ups, so dim Wr = dim Wq = d. 

Theorem 4.29. (Descending property of t^'^^ (em) for embedded basic objects) Set Br = {Wr, {Jr,b),Er) 
andE'j. = {E'j.)~^U{E'j.)~ as above, andd = dimVF,.. The assignment of closed sets {Tri^Sixt{em)r), {Nr,E'j.)) 
is equivalent to a tamely embedded basic object, of the same dimension d, defined over {Nr, {E'j.)~^) 
by a basic object T>r = iWr, {Dr,e),Er). 

Note that Er is the same for Vr and Br (in particular Er = Wq (ti {E'^)~^). Before we address the 
proof of Theorem 1129] let us indicate that it states that (J>(maxt(em)r), {Nr,E'^)) can be identified 
with an assignment of closed sets over {Nr, {E'j.)~^) defined by the closed immersion Wr C A^r- 
and a basic object {Wr, {Dr,b), Er). This is an embedded assignment in the setting of 14.111 and 
14.131 (in the tame case) . We may therefore apply Proposition 14.141 which says that a resolution 
of {Tr{Taax.t{em,)i'^^), {Nr, E'j.)) is achieved by a resolution of the basic object {Wr, {Dr,b), Er) 
(disregarding the embedding in Nr). 

Since we know how to achieve resolution of basic objects of dimension d (see Remark I4.2ip . one 
may extend the previous sequence to, say 

(4.29.1) Fo = Sing(Jo,6) = Sing( J,, 6) = Sing( J^, 6) 

{No, E',) ^ ^ (iV,, f;) ^ ^ {Nn, E'^) 

for some R> r, so that 

maxt(em)Q'^^ > ■ ■ ■ > maxt(em)^'^^ = maxt{em.)^f^^ = ■ ■ ■ = maxt(em)^l-^ > maxt(em)^^ 

Let us emphasize here that maxt(em)*-'^^ = {p,q) € Q x N can have first coordinate p = 
(as opposed to max t(<i) = (p^q) with p > 0). After successive applications of resolution of basic 
objects we come to the case in which maxt(em)^'' = (0,0), which is the natural analog of the case 
maxw-ord = for basic objects, and can be therefore resolved, as was indicated in l4.9l by means of 
the functions h with values on F (see 14. 9.^ . In fact, as the second coordinate of maxt(em)^^ = (0, 0) 
is zero, no hypersurface of {E'^~ intersects so the conditions in Proposition 14.141 apply for 

{:fb^,{Nr,e'^)). 

Proof of Theorem \4:.29[ The sequence ()4.28.ip defines: 

1) {Nr,E'^) and a partition E'^ = {E'^)+ U {E'^)' . 

2) The basic object Br = {Wr, {Jr,b),Er) and a closed immersion Wr C Nr. 

3) A factorization 

(4.29.2) Jr = I{Hs+l)^^ • • • I{H,+r)''^Jr 

as in (liXID . 

Set maxt{em)i^^ = {p,q), so p = maxw-ord,- = f £ j^, and of course M.ax t(em)i^^ is a closed 
subset in Sing(Jr,6). 

Note first that if a ^ then Max w-ordr = Smg{Jr,b) fl Sing(Jr,a). Note also that the second 
coordinate g is a non-negative integer, and that there are points in Max w-ordr which may be in q 
different hypersurfaces of {E'j.)~ , but no point of Max w-ordr is contained in g + 1 hypersurfaces of 

{E'r)-. 

Assume that (-Er) ^^s M hypersurfaces, say {E'^) = {Hi,H2, ■ ■ ■ ,Hm}, and let C{q) denote 
the set of all subsets of {1, 2, . . . , M} with q elements. 



34 



ANGELICA BENITO, SANTIAGO ENCINAS, AND ORLANDO E. VILLAMAYOR U. 



Set K{q) = n_FGC(<j) X^ieF H^d- Here K{q) is an ideal over Nr. As a closed set in Wr is closed 
also in Nr and one can check that: 

A) If a / 0, then 

Maxt(em)('^) = Sing( J^, 6) n Sing( J,, a) n Sing(i^(g), 1). 

B) If a = 0, then 

Maxt{emY/^ = Sing(J^, b) n Sing(i^(g), 1) 
One can also check that the following properties hold: 

PI) If y is a closed and smooth subscheme in Sing(i^(g), 1), then Y C Hi whenever HiCiY ^ 9 
and Hi £ E~ . In particular, if y C Maxt(em)^'^\ then Y has normal crossings with {Nr,E'^) if and 
only if it has normal crossings with {Nr, {E')^). 

P2) If 

Fr = Sing(J^, 6) Fr+i = Smg{Jr+i,b) 

{Nr,E'r) ^ {Nr+l,E',^,) 

is defined by choosing a center Y as above, then it induces transforms of the basic objects {Wr, {Jr, b), Er), 
{Wr,{Jr,a),Er), {Wr , {K {q) , I) , Er) , and either {p,q) = max t{em)i^^ > maxt(em)^'^]^, or {p,q) = 
maxt(em)r'^^ = maxt(em)|,'^^. 

In this last case either A) or B) holds for Maxt(em)[,'^j^, where the pairs in the right hand side 
of the equalities are replaced by their transforms. 

There is a standard argument to define {D, e) so that Sing(L), e) is the right hand side in A), or 
in B), and that such equality is preserved by transformations as in P2) (see Exercise 14.4 in ['20]). 

O 

4.30. It will be shown in Section 5, that the functions t{em)^'^^ can be defined for embedded general 
basic objects. 

Theorem 4.31. (Descending property of t^'^\em) for embedded general basic objects). 

Let {J-, {Nq,Eq)) and E'q = {E'q)^ U {E'q)^ define a general basic object of dimension d, and let 
{F'r, {Nr,E'r)) and E'r = {E'r)^ U {E'r)^ be defined by a sequence of transformations as in \4.28.1^ . 
Then {Fr{'aiayit{em)^f^),{Nr,E[.)) is equivalent to a tame embedded assignment of dimension d, 
defined over {Nr, {E^.)^). 

5. Adaptability of the inductive function t and resolution of singularities 

5.1. Summarizing the previous discussion. We want to prove that resolution of singularities 
grows from resolution of basic objects, subjects to the condition that the later is compatible with 
Hironaka's notion of equivalence (see Definition 12. 14p . In 13. 121 and in l3.11l we introduce the notions 
of embedded and of tamely embedded basic objects, respectively. Finally these two notions led us 
to the notions of embedded general basic objects in 13.131 (and tamely embedded in 13.131 B)). This 
extension requires some patching which we discuss below. 

The functions t^'^^ and t{em)^'^^ were studied in the setting of embedded basic objects. We show 
now that: 

I) The inductive function t^'^^ can be defined for any tamely embedded general basic object. 
And a resolution is attained (essentially) in terms of t^'^\ t^'^~^\. . . . 
II) The function t{em)^'^^ can be defined for any embedded general basic object. And it allows 
us to reduce the resolution of embedded general basic objects to that of tamely embedded 
general basic objects. Resolution of embedded general basic objects of dimension d is 
obtained (essentially) in terms of t{em)^'^\ t^'^\ t^'^~^\. . . , t^^\ 
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These two results will be discussed in Case 0). Some more generality will be needed to come 
from resolution of general basic objects to resolution of singularities. This is discussed in Case 1 
and Case 2. The point is that we have defined the notion of general basic objects making use of an 
embedding in a smooth scheme N and more precisely as an assignment of closed sets on, say {N, E), 
where E are hypersurfaces in with only normal crossings. A property of constructive resolution 
of singularities is that one can easily adapt it so that it provides a resolution of singularities which 
is independent of the embedding: Suppose that a reduced scheme X is embedded in two different 
smooth schemes, say X C N and X C M, where and M may have different dimension. The 
problem of resolution of singularities of X will lead us to that of constructing a resolution of a 
general basic object over A'^, on the one hand, and that of constructing a resolution of a general 
basic object over M, on the other. So we will want to know that the two general basic objects, 
embedded in different spaces, undergo the same constructive resolution. Precise statements of these 
facts are discussed in cases 1) and 2). 

5.2. Case 0: Two basic object and the same embedding. 

Fix, as in 13.121 a smooth scheme A'^o, a set E'q of hypersurfaces with normal crossings at A'^o, 
together with a partition in two disjoint sets: say (Eq)^ and {Eq)~ . Assume now that there are 
two closed immersions Wq C A'^q, and Vq C Nq of smooth schemes, both Wq and Vq of the same 
dimension d. 

Moreover, suppose that there are two basic objects, say B = {Wq, ( Jq, b),EQ), and B' = (Vq, {Kq, d), Fq), 
so that Eo = iE'Q)+ rtl Wq and Fq = {E'q)+ rtl Vq. 

Assume finally that both basic objects B and B' define the same assignment of closed sets over 
iNo,E'o), say (T", iNo,E'o)). 

Strictly speaking, our proof in 15.11 will show that Hironaka's functions order, introduced in 
(|2.21.1|) . coincide for two weakly equivalent basic objects say, {Wq, ( Jq, 6), -Eq) and {Wq, {KQ,d), Eq) 
(both with the same {Wo,Eq), which is not the case in our setting). And the main argument in 
such proof is that two such basic objects define the same closed sets. If we expect to argue similarly 
in our context, in which Sing( Jq, b) is a closed set in Wq and Sing(ii'o, d) is a closed set in Vq then, 
in principle, it makes no sense to say that two closed sets in different spaces are the same. 

We overcome this difficulty simply by viewing them as the same closed set in A^o- This suffices 
to show that Hironaka's function order is well defined on a d-dimensional general basic object 
(T, {No,Eq)) (see Theorem I3.14p . So in this case we do not want to disregard the embedding in 
A^'o, because its is through this embedding that {Wq, {jQ,b), Eq), and {Vq, {KQ,d), Fq) define the 
same closed sets (see Corollarv I2.22p . 

The previous discussion already ensures that the functions t^'^\em) are well defined for the em- 
bedded basic object (J", (A'^Oi E'q)) and its transforms, independently of the choice of {Wq, ( Jq, 6), -Eq) 
or iVo,iKo,d),Fo). 

In the particular case in which the embedded basic objects are tame (|3.1ip (namely, if (Eq)^ = 0) 
a similar argument proves that the inductive function t^"^^ is well defined on (T, {Nq,E'q)) and its 
transforms (they are the same independently of the choice of {Wq, {Jo,b), Eq) or {Vo,{KQ,d), Fq) 
and their transforms). 

Theorem 14.291 savs that after a suitable sequence of, say r transformations, 

(7;(maxt(em)('^)), {Nr,E'^)) 

is equivalent to: 

1) a tamely embedded basic object of dimension d, defined over {Nr, {E'j.)~^) by a basic object 
{Wr, iDr,b),Er), where Er = Wr (h (£;;)+. 

2) a tamely embedded basic object of dimension d, defined over {Nr, {E'^.)'^) by a basic object 
{Vr, {Gr,c),Fr), where Fr = Vr (h {E'^)+. 

We claim now that the resolution of the d-dimensional basic objects {Wr, {Dr,b), Ej.) and that 
of {Vr, {Gr,c),Fr) define the same sequence of transformations over (A^^^, {E'^)'^). 
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We argue again as before. Here Max t(em)i^^ = Smg{Dr, b) = Sing(Gr, c) and the same holds for 
transformations on centers included in Maxt(em)^? , r' > r. So again, these two d-dimensional basic 
objects define the same closed sets if we view them in (A^^, (-^r)"*") (or in a transform {N^', {E'^,)^), 
r' > r). So both basic objects give rise now to the same tamely embedded basic object, namely 
(J>(maxi(em)r'^^), {Nr, (S^)"*")), of dimension d. 

The previous discussion also applies to shows that the inductive functions t^'^^ are defined for 
tamely embedded general basic objects. As these inductive functions are well defined, the closed 
sets Max t^*^^ are well defined. Now the theorems of the inductive property of the functions t^*^^ apply 
again, and defines now a d — 1 dimensional tamely embedded general basic object. These leads to 
a full resolution of (J>.(maxt(em)r'^^), {Nr, {E'^)^)), which is defined, by induction on d, essentially 
in terms of the inductive functions, namely t^'^), t^'^~^\ . . . , t^^K Here each is applied on a 

{d — i)-dimensional tamely embedded general basic object, and a {d — i — l)-dimensional tamely 
embedded general basic object is defined by max 

5.3. Case 1: A same basic object and two different embeddings. 

In the definition of an embedded basic object {T, {Nq, E'q)) in 13.121 we fix 

(1) (iVo, K)^ and a decomposition E'^ = {E'q)+ U (E'^)' , 

(2) a closed embedding Wq C Nq and a basic object (Wq, ( Jq, b), Eq), where {Eq)~^ fh Wq = Eq. 
Suppose that another assignment, say {Q, {Mq,Fq)), is defined by 

(1) (Mo,F^), and a decomposition F^ = U (-Fq)", 

(2) a closed embedding Wq C Mq and (Wq, (Jo, b), Eq), where {E'q)~^ rtl VFq = Eq. 

Note that both make use of the same (Wq, ( Jq, 6), -E'q)- Moreover, quite often this situation arises 
together with a natural bijection of hypersurfaces in (£^o)^ with those in (Fq)~^ , and a bijection 
of hypersurfaces in (-E'q)" with those in (Fq)~ , in such a way that the functions t{em) naturally 
coincide. For example, take (Wq, (Jq, 6), -Eq) with Eq = 0, and two different closed embeddings: say 
Wo C A'^o and Wq C Mq in arbitrary smooth schemes. 
A sequence of blow-ups over {Wq, (Jq, b), Eq = 0), say 

, , {Jo,b) (Ji,6) iJk„b) 

(5.3.1) 7rv„ nv, ^Yk,,~-I 

(Wo,0) ^ {W^,E,) ^ ... {Wk,,E,,) 
defines, via the two immersions, two sequences, say 

(5.3.2) (A^o,i?^, = 0) ^ {N,,E[) ^ ... ^ iNko,E',^) 
and 

(5.3.3) (Mo,F^ = 0) ^ {MuF{) ^ ••• ^ {M,„Fl^J 

Now we obtain two inclusions, say: W^q C A^/tg and W^^ C M^g, and two different assignments 
defined by: 

(1) {Wko,{Jko,b),EkJ and {Nk„E',^), 

(2) {Wk„{Jko,b),Ek,)and {M^,,F'J. 

Each exceptional hypersurface arises from a blow-up. This provides a natural correspondence of 
hypesurfaces in E'^^ (in N^^) with hypersurfaces in (in M^g). 

These last two embedded basic objects are tame. But we can also modify them so as to be 
non-tame. For example by taking 

(1) {Wk,AJko.h),%)and{Nk,,E'J, 

(2) (Wfc„,(Jfc„,&),0)and(M,„,F4,), 

where now both are in the setting of 14.161 each is an immersion which is not tame. 
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Let (J^, {NkQ,E'f^^)) denote the first assignment and let {Q, (M/cq,F^^)) denote the second where 
now both are non-tame. One check that this is a situation in which the functions t{em)^'^^ (d = 
dimM^o) are the same both for {T, (Nk^ , E'f^^)) , for {Q,{Mkg,Fl^^)), and for simultaneous transforms. 

Following the notation of Theorem l4.291 this leads, on the one hand to {J-^g (max t{em)^^^ ) , {N^^ , £^^^ 

and, on the other hand to {J-kg{max.t{em)^^^), {Mi^^j, -P^g))- The theorem asserts that both are now 
tamely embedded basic objects of dimension d = dim(Wfcg), and both defined by basic objects on 

Proposition 14.141 ensures that these two tamely embedded basic object define two basic objects 
on WkQ which are weakly equivalent. For the resolution of a tamely embedded basic object we 
make use of the function t^'^h In this case the descending properties in Theorem 14.241 savs that the 
{Tko (max t^^^ ) , {Nko ,El.^)) defines a general basic object on W^o > and also ( J'fco (™ax t''^^ ) , (Mfc^ , i^^^ ) ) 
defines a basic object on W^q, and both are weakly equivalent. So both (J^fc,)(maxt(em)^'^'*), (A^fco, E'j^^)) 
and (7A;„(maxt( 

^^)i:o^)' i-^koj -^fcy)) Isad to the same non-einbedded d-dimensional general basic ob- 
ject on ■ And here it makes sense to say that the two assignments {Tko (max t(em)^^^ ) , {N^g , )) 

and (J"/c(,(maxt(em)^'j^^), {M^^, Fl^^)) are the same, as their closed sets lie as subsets of the same space 
(Wko or a transform of Wkg)- 

5.4. Case 2: Two different basic objects and two different embeddings. 

The problem of resolution of singularities will lead us to this further generalization. The following 
example illustrates this fact. 

Fix a singular reduced scheme Xq and: 

(1) a closed embedding Xq C Wq, and 

(2) a closed embedding Xq C Vq, 

where Vq and Wq are smooth schemes which might have different dimension. 

Hironaka says that (after taking suitable etale neighborhoods), there are two basic objects: 

(r) {Wo,{Jo,b),$), 
(2') {Vo,{Ko,c),0), 

and satisfying the following conditions: Here (1') defines an assignment of closed sets, say {F, (Wq, 0)), 
and 2') defines {Q, (Vq, 0)). The closed set assigned to Wq, and to Vq, is the Hilbert- Samuel stratum 
of Xq. The embedded dimension (and also the dimension) of Xq locally at any closed point in 
the Hilbert stratum is constant. Take d to be, for example, the dimension. Then Theorem 13.161 
says that both {T, (Wq, 0)) and {Q, (Vq, 0)) have a structure of d-dimensional general basic objects. 
Actually both are tame in this case as the second coordinates are 0. 

The closed set defined by (Jq, {Wq, 0)) and by (^O) (^O) 0)) are Sing( Jq, b) and Sing(PCo) c) which 
we naturally identify with the Hilbert- Samuel stratum of Xq. The same holds for transformations. 

As both are general basic objects of the same dimension d, 16.11 will show that there is a well 
defined function 

ord^"^) : Sing(Jo,6) Q and ord^"^) : Sing(i^o,d) — > Q, 

which coincide as functions on the Hilbert stratum. The same will hold if we take a common 
sequence of blow-ups as both are the basic objects corresponding to the highest Hilbert Samuel 
function of Xq and its transforms. So the inductive functions t^'^^ will coincide via this identification, 
and moreover, if 

^ ^ iWo,E', = ^) ^ {W^,E[) ^ ... ^ {WkQ,E',^) 
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and 

are the resolutions defined by blowing up at the maximum of the functions (essentially t^'^\ t^'^~^\ 
. . . they both induce a sequence of blow-ups over Xo, say 

(5-4.3) Xo ^ ... ^^^^-^ X,„ 

together with closed immersions Xi C Wi, and Xi C Vi. In fact, for each index i, centers Yi in 
(|5.4.ip and in (|5.4.2p coincide as subsets of the Hilbert- Samuel stratum of Xi. Note that Yi arises 
as the maximum of a function defined in terms of the inductive functions t^'^\ t^'^~^\. . . . Moreover: 

• maxHSxo — ToaaxHSxo = • • • = max HSx^^^_i > ^^^HSx,,^. 

• There are closed immersions C VFfco; -^fco ^ natural correspondence between 
E'f^^ and F^^ as discussed in Case 1). 

Hironaka says that (after taking suitable etale neighborhoods), there are two basic objects: 
(!') {Wk„{Jko,b'),El), 
(2') iVk,,iKk„c'),Fl^^), 

where (!') defines an assignment of closed sets, say (J^t,,, {Wk^, E'f^^)) and (2') defines (Gko^ i^ko^Fl.^)) 
both attached to the Hilbert- Samuel stratum of X^^. 

Take d to be the dimension of X/^^ at any closed point of the stratum. Then Theorem 13.161 says 
both {TkQ, {WkQ, E'l^^)) and (Gko^ i^koj F^^)) are d-dimensional general basic objects. In addition 
there is a natural bijection of E^^ with F^^. Set (E'J- = E'^^^ and (F^J" = F^^. 

As both are general basic objects of the same dimension d, the previous discussion, and that 
in Case 1), show that the inductive functions t{em)^'^^ will coincide via this identification, and 
moreover, if 

and 

^ ^ iVko.Fi^^) ^ (i^fc„+i,F^„+i) ^ ... ^ (y,„F^j 

are the resolutions defined by blowing up at centers included in the maximum of the functions, 
they both induce a sequence of blow-ups over X^^ , say 

(5.4.6) Xk^ Xko+i ' ^ki 

together with closed immersions Xi C Wi, and Xi C Vi. In fact, for each index i, centers Yi in 
()5.4.4p and in (|5.4.5p coincide as subsets of the Hilbert- Samuel stratum of Xi. Note that Yi arises 
as the maximum of a function defined in terms of the function t{em)^'^^ (see Case 1)), and the 
inductive functions t^^~^\. . . . Moreover: 

• max HSx^^ = ^a-xifSx^^+i = . . . = maxHSx^^^-i > maxHSx,,^- 

• There are closed immersions Xj.^ C Wk^ , X^^ C V^^ , and a natural correspondence between 
E'f^_^ and as discussed in Case 1). 

so again we set (F^^)~ = F^^ and (F^^)^ = F^^ and repeat the previous argument. 
Finally, Hironaka proves that a sequence of transformations as above, so that 

max HSxa > max HSx^,^ > max HSx,,^ > . . . 

leads to a resolution of singularities of Xq if it is reduced, since max HSxi cannot decrease infinitely 
many times. 
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5.5. Constructive resolution. 

We first address the constructive resolution of a basic objects Bq = {Wq, ( Jq, b), Eq) as stated in 
12.81 It also applies to tame embedded general basic objects. 

Definition 5.6. Set T'^ = {oo} U (Q x Z) UT where this disjoint union is totally ordered by setting 
that oo is the biggest element, (Q x Z) is ordered by the lexicographic order, and that a < /3 if 
/? € (Q X Z) and a S T (see ()4.9.4p ). Set now = x ordered lexicographically, and define 
: Smg{Jr,b) — > Id- 

(i) If maxw-ordr = 0: g^{x) = {h{x),ood-i) (see (|4.9.4p ). 

(ii) If maxw-ordr > 0, then it will be enough to define the function for x € Max tj'^Vc 
Sing(Jr,6)) In fact, we will define the resolution function, and hence the resolution se- 
quence, so that centers be included in Max tj"^^ . Let {J",b") be the d- dimensional basic 
object attached to maxti'^^ (defining the closed set Max tj^^ , (see 14.241) ). ^^'^ finally set: 

A) g^{x) = (max4'^\oorf_i) if x G ig(l)(Maxtl'^h (see Remark IQll . 

B) gf{x) = (m.ayiti^\ g!^'^{x)), if x ^ i?(l)( Max tj^^), where g'}~^{x) is defined in accor- 
dance to the (d— l)-dimensional general basic object attached to (J", b") (see Theorem 

MM- 

The precise definition in this case B) requires some clarification: Assume, by induction, that 

Id-i has been introduced, and also functions gi'^ which define resolution of {d — l)-dimensional 
general basic objects. 

T'^ is the totally ordered set introduced for constructive resolution for tame general basic objects, 
in terms of the functions g"}. The string of invariants attached to max (7^ looks like: 

1) max 5^ = (ai, a2, • • • , Oe, 00, 00, . . . , 00), where aj € (Q x Z). 

2) max (7^ = (ai, 02, . . . , Oe, 7, 00, 00, ... , 00), € (Q x Z), where 7 G F. One can also read 
the dimension of the canonically defined center Max from this datum (see [7J). 

Remark 5.7. Resolution of a d-dimensional reduced scheme over fields of characteristic zero is 
achieved by setting the totally ordered set x (Q x Z) x ordered lexicographically, and for 
any such scheme X set the functions 

/('^)(x):(F5x(x),t(em)W(x),5(")(x)). 

Follow the indication in Definition 15.61 for the definition of the third coordinate in terms of the first 
two coordinates. 

The compatibility of the constructive resolution with smooth morphisms in 12.51 follows from: 

(1) the discussion in 12.161 and 

(2) the discussion in Remark 14.51 which shows that this property relies entirely on the compat- 
ibility of Hironaka's function ord with smooth morphisms. 

6. On Hironaka's main invariant 

6.1. On Hironaka's tricks 

Proof of Theorem 12.211 Fix a basic object Bq = {Wq, (Jq, b), Eq), and set d = dim Wq- Recall that 
this basic object defines an d-dimensional assignment of closed sets (Jq, {Wq, Eq)) by assigning for 
all local sequence (see Definition 12. 13p : 

(^0,6) (Ji,6) {Jr,b) 

^ ' {Wo,Eo) ^ {Wi,E,) ^ ••• ^ {Wr,Er) 

closed sets 

. . Sing(Jo,6) Sing(Ji,6) Smg{Jr,b) 

^ ' {Wo,Eo) ^ {Wi,Ei) ^ ■■■ ^ {Wr,Er) 
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This is an assignment of closed sets where Fi = Sing(Jj, b). 

Hironaka indicates that if you consider all possible sequences ()6.1.2p . then you can find out the 

rational number at any xq € Sing(Jo,6). More precisely, if you consider all sequences ()6.1.2p 

together with points Xi G Fi, each Xj mapping to Xi-i (and hence all mapping to xq G Fq), then 
the rational number '^'^oj'^o) completely determined by the codimension of Fi in Wi locally at Xi, 
for all sequences as before. In particular, if Bq = {Wq, {Jo,b), Eq) and B'q = {Wq, {KQ,d), Eq) are 
weakly equivalent, then at any point xq G Sing(Jo,6) = Smg{KQ, d), 



b ~ d ' 



'^xpiJo) _ b' 



Set i^a;o(>/o) = b', so 5 - -j^. 

Assume first that xq is closed. Define 

Woi^Wi = Wox Al 

as the projection, so the fiber over xq is a line, say Li = {xq} x A^. Set xi = (xo,0) G Li. Here vri 
is smooth and defines, by taking pull-backs: 

iJo,b) (Ji,6) 
^ ' iWo,Eo) ^ (WuE^) 

Now xi is a closed point on the line Li, and we define, for any integer A^, a sequence 
(6.1.4) (WuEi) {W2,E2) ^ ... {Wn,En) 

defined as follows: Let vri be the blow-up at xi. 

For any index i > 1, set Hi the exceptional locus of 7rj_i, Li the strict transform of and 
Xi = Li n Hi, finally define vTj as the blow-up at the closed point Xj. 

In our example xi G Li C Sing(Ji,6). One can check by induction that for any index i, 
Xi & Li C Sing(Jj,6). So the sequence ()6.1.4p induces 



(6.1.5) 

and closed sets 
(6.1.6) 



(Jo, 6) (Ji,6) {JN,b) 

(Wo,Eo) ^ {Wi,E^) ^ ... {Wm,Em) 



Sing(Jo,6) Sing(Ji,6) Sing(Jjv,&) 

{Wo,E^) ^ {Wi,E^) ^ ■■■ {Wn,Em) 



Now check that locally at xn'- 

(6.1.7) Jn = I{Hm)^''-'^'^''-'Um- 
Recall that dim Wq = d, so 

dim Wi = dim W2 = ■ ■ ■ = dim Wn = d + l. 
Set F/v = Sing(Jjv,&). Note that dimFjv < d. Formula (j6.1.7p says that 

(6.1.8) {N -l){b' -b) >b dim{FNnHN) = d Hn C F^. 

b' 

Note that b' — b = (i.e. — = 1) if and only if for all N, dim(i<Ar n H^) < d {a formula that 

involves only the assignment of closed sets (Fq, {Wq, Eq)) defined by Bq). 

On the other hand, if 6' — 6 > 0, for any integer big enough H]^ C F]\f, we may define a 
blow-up vttv with center Yj\f = H^: 

{Wn,En) {Wn+i,En+i) 
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Note that H]y C Wn is a hypersurface and the blow-up at a hypersurface is an isomorphism, so 
Wn may be identified with Wn+i, Hn with the exceptional locus of ttat, say H^+i, and xn with 
a unique point, say xn+i G Wjv+i.Note that locally at xn+i 

Set F/v+i = Sing( Jat+i, 6) and note that 

{N - l){b' -b)-b>b dim {Fn+i n Hn+i) = d ^=> Hn+i C Fn+i- 

If these equivalent conditions hold we may blow-up again along the hypersurface Hj^j^i. So, when- 
ever possible, set 

(6.1.10) {JnM iJN+i,b) {JN+s,b) 
{Wn, En) ^ — {Wn+1, En^i) ^ — ■ ■ ■ — - — {Wn+s, En+s) 

by blowing-up the same hypersurface. One can check that locally at x^^s (mapping to xat via the 
identity map): 

Jn+s = I{Hn+s)^^~^^''^ Jn+s- 
Now sequences (|6.1.5p and (|6.1.10p induce a sequence over the assignment of closed sets (Tq, {Wq, Eq)): 

(6.1.11) {To,{Wo,Eo)) ^ {Ti,{Wi,Ei)) < ^ {J^n,{Wn,En)) ^ 

< — (J^N+i, {Wn+1, En^i)) < — • • • < — {Tn+s, {Wn+s, En+s)) 

where Fi = Sing( Jj, 6) for i = 0, 1, . . . , + 5. 

Finally the sequence (j6.1.11|) can be defined if and only if: 

{N -l){b' -b) - {S -l)b>b ^ {N - l){b' - b) > Sb 



where [ J denotes the integer part. 

This means that, for a fixed integer A^, 



5 < 



(N-iy 



iN-l){b'-b) 



{N 



is the biggest integer S so that (|6.1.1ip 



b' 



is defined. Thus for any integer the integer (N — 1)— — 1 is determined by the assignment of 
closed sets defined by Bq. Finally note that 



1 



1 



lim 

JV^oo — 1 



(N-l) 



b' 



In particular the rational number is defined in terms of the assignment of closed sets 



(J"oi (Wo,Eq)) defined by Bq, at least when xq is a closed point in Sing(Jo,6). 

Suppose now that xq is not closed. 

In this case restrict Wq to an open subset so that the closure of xq is a smooth scheme, say Yq, 
which has normal crossings with Eq. Define, as before 

Woi^Wi = WoX Al 

as the projection, so the fiber over Yq is a smooth subscheme, say Li = {Yq} x A^. Set Yi = 
(lo,0) CLi. 

As ttq is smooth, define as before: 

(6.1.12) , ■. '^yt , 

{Wo,Eo) ^ {Wi,Ei) 
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Yi is a smooth subscheme in Li and a permissible center Yi C Sing(Ji,6). We define, for any 
integer TV, a sequence 

(6.1.13) (WuE,) {W2, E2) ^ [Wn, En) 

defined as follows: Let tti be the blow-up at Yi. For all index i > 1, set the exceptional locus of 
7r^_i, Li the strict transform of L^_i and = D Hi^ finally define tt^ as the blow-up at which 
turns to be a permissible center Yi C Sing(J^,6). The extension of the previous discussion to this 
context is now straightforward. O 



References 

[1] S.S. Abhyankar, Good points of a Hypersurface, Adv. in Math. 68 (1988), 87-256. 

[2] J. M. Aroca, H. Hironaka, J. L. Vicente, The theory of maximal contact, Mem. Mat. Ins. Jorge Juan (Madrid) 29 (1975). 
[3] B. M. Bennett, On the characteristic function of a local ring, Ann. of Math. 91 (1970), 25—87. 

[4] E. Bierstone, P. Milman, Canonical desingularization in characteristic zero by blowing-up the maxima strata of a local invariant, 

Inv. Math. 128 (1997), 207-302. 
[5] E. Bierstone, P. Milman, Desingularization algorithms I. Role of exceptional divisors, Mosc. Math. J. 3 (2003), 751—805. 
[6] E. Bierstone, P. Milman, Functoriality in resolution of singularities, Publ. Res. hist. Math. Sci. 44 (2008), 609—639. 
[7] H. Brenner, J. Herzog, O. Villamayor, Three Lectures on Commutative Algebra, University Lecture Series of the American 

Mathematical Society, Vol 42 (2008) (J. Elias, T. Cortadellas Bem'tez, G. Colome-Nin, and S. Zarzuela editors). 
[8] G. Bodnar, J. Schicho, A Computer Program for the Resolution of Singularities, Resolution of singularities. A research textbook 

in tribute to Oscar Zariski, Progr. Math., 181, Birkhauser, Basel, 2000, (H. Hauser, J. Lipman, F. Gort, A. Quiros editors), 

231-238. 

[9] G. Bodnar, J. Schicho, Automated resolution of singularities for hypersurfaces, J. Symbolic Comput. (4) 30 (2000), 401—428. 
[10] G. Bodnar, J. Schicho, desing - A computer program for resolution of singularities. Available at 

http: //www .rise . jku. at /projects/basic/ad joints/blowup/ 
[11] F. Bogomolov, T. Pantev, Weak Hironaka Theorem, Math. B.es. Letters 3 (1996), 299-307. 

[12] A. Bravo, S. Encinas, and O. Villamayor, A simplified proof of desingularization and applications. Rev. Mat. Iberoamericana 21 
(2005), 349-458. 

[13] A. Bravo, M.L. Garcia-Escamilla, O. Villamayor. On Rees Algebras and the globalization of local invariants for resolution of 
singularities Preprint. 

[14] A. Bravo, O. Villamayor, Elimination algebras and inductive arguments in resolution of singularities. Preprint. 
[15] A. Bravo, O. Villamayor, A Strengthening of resolution of singularities in characteristic zero, Proc. London Math. Sac. (3) 86 
(2003), 327-357. 

[16] S.D. Cutkosky, Resolution of singularities. Graduate Studies in Mathematics, 63, American Mathematical Society, Providence, 
RL 2004. viii+186. 

[17] S. Encinas, H. Hauser, Strong Resolution of Singularities. Comment. Math. Helv. 77 , no. 4 (2002), 821-845. 

[18] S. Encinas, A. Nobile, O. Villamayor, On algorithmic Equiresolution and stratification of Hilbert schemes, Proc. London Math. 
Sac. (3) 86 (2003) 607-648. 

[19] S. Encinas, O. Villamayor, Good points and constructive resolution of singularities, Acta Math. 181 no. 1 (1998) 109-158. 

[20] S. Encinas, O. Villamayor, A Course on Constructive desingularization and Equivariance, Resolution of singularities. A research 

textbook in tribute to Oscar Zariski. Progr. Math., 181, Birkhauser, Basel, 2000, (H. Hauser, J. Lipman, F. Oort, A. Quiros 

editors), 147-227. 

[21] S. Encinas, O. Villamayor, A new proof of desingularization over fields of characteristic zero, Rev. Mat. Iberoamericana 19 (2003), 
no. 2, 339-353. 

[22] A. Fruehbis-Krueger, G. Pfister, Singular library for Resolution of Singularities. 
[23] J. Giraud, Sur la theorie du contact maximal, Math. Zeit., 137 (1972), 285-310. 

[24] H. Hauser, 'The Hironaka Theorem on Resolution of Singularities (or: A proof we always wanted to understand)', Bull. Amer. 

Math. Soc. (N.S.), 40 (3) (2003) 323-403. 
[25] H. Hauser, Excellent surfaces and Their Taut Resolution, Resolution of singularities. A research textbook in tribute to Oscar 

Zariski, Progr. Math., 181, Birkhauser, Basel, 2000, (H. Hauser, J. Lipman, F. Oort, A. Quiros editors), 323-403. 
[26] H. Hironaka, Resolution of singularities of an algebraic variety over a field of characteristic zero I-II, Ann. Math., 79 (1964), 

109-203; ibid. (2) 79 (1964) 205-326. 
[27] H. Hironaka, Idealistic exponent of a singularity , Algebraic Geometry, The John Hopkins centennial lectures, Baltimore, John 

Hopkins University Press (1977), 52-125. 
[28] H. Hironaka, Theory of infinitely near singular points, Journal Korean Math. Soc. 40 no. 5 (2003), 901-920. 
[29] H. Hironaka. Additive groups associated with points of a projective space, Ann. of Math. (2), 92 (1970), 327-334. 
[30] H. Kawanoue, Toward resolution of singularities over a field of positive characteristic. I. Foundation; the language of the idealistic 

filtration, Publ. Res. Inst. Math. Sci. 43 (2007), no. 3, 819-909. 
[31] H. Kawanoue, K. Matsuki, 'Toward resolution of singularities over a field of positive characteristic (The Idealistic Filtration 

Program) Part 11. Basic invariants associated to the idealistic filtration and their properties. Publ. Res. Inst. Math. Sci. 46 

(2010), 359-422. 

[32] J. Kollar, Lectures on ResoluLio7i of Singularities, Ann. of Math. Stud., 166, Princeton Univ. Press, Princeton, NJ, 2007. 
[33] J. Lipman, Introduction to resolution of singularities, Proc. Symp. in Pure Math. 29 (1975) 187—230. 

[34] K. Matsuki, Notes on the inductive algorithm of resolution of singularities by S. Encinas and O. Villamayor. Available at 
http://arxiv.org/abs/0103120v2. 11 oct 2002. 

[35] T. Oda, Infinitely very near singular points, Complex analytic singularities, Adv. Studies in Pure Math. 8 (North-Holland, 1987), 
363-404. 

[36] M. Temkin, Desingularization of quasi-excellent schemes in characteristic zero. Adv. Math. 219 (2008), 488-522. 
[37] M. Temkin, Functorial desingularization of quasi-excellent schemes in characteristic zero: the non-embedded case, preprint, 
arXiv: [0904. 1592]. 

[38] O. Villamayor, Constructiveness of Hironaka's resolution, Ann. Scient. Ec. Norm. Sup. 4^ 22 (1989) 1-32. 

[39] O. Villamayor, Patching local uniformizations, Ann. Scient. Ec. Norm. Sup., 25 (1992), 629-677. 

[40] J. Wlodarczyk, Simple Hironaka resolution in characteristic zero, J. Amer. Math. Soc. 18 no. 4 (2005), 779-822. 



SOME NATURAL PROPERTIES OF CONSTRUCTIVE RESOLUTION OF SINGULARITIES 



43 



Dpto. Matematicas, Universidad Autonoma de Madrid and Instituto de Ciencias Matematicas CSIC- 
UAM-UC3M-UCM, Cantoblanco, 28049 Madrid, Spain 
E-mail address: angelica.benito@uam.es 

Dpto. Matematica Aplicada, Universidad de Valladolid, 47014 Valladolid, Spain 
E-mail address: sencinas@maf.uva.es 

Dpto. Matematicas, Universidad Autonoma de Madrid and Instituto de Ciencias Matematicas CSIC- 
UAM-UC3M-UCM, Cantoblanco, 28049 Madrid, Spain 
E-mail address: villamayor@uam.es 



